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Transformation from the atomic to the molecular orbital basis



Transformation from the atomic to the molecular
orbital basis

The Hamiltonian of a molecule in Born-Oppenheimer approximation, after dis-
missing terms which only depend on the positions of the nuclei and are therefore
constant, can be written as

Ĥ =
∑
αβσ
mn

(
hαm,βn + ∆V ion

αm,βn

)
d̂
†
αmσd̂βnσ

+
1

2

∑
αβγδ
mnop

∑
σσ′

V mnopαβγδ d̂
†
αmσd̂

†
γpσ′ d̂δqσ′ d̂βnσ, (1)

where d̂
†
αmσ creates an electron in the atomic orbital |αmσ〉 with orbital quan-

tum number m and spin σ centered at atom α. Further we have defined

hαm,βn := εαmδαβδmn + bαm,βn, (2)

where εαm is the energy of orbital m on atom α and bαm,βn is the hopping
integral between orbital m on atom α and orbital n on atom β. All non-hopping
terms can be condensed in the crystal field correction

∆V ion
αm,βn :=

γ 6=α,β∑
γ

〈αmσ|V̂γ |βnσ〉 , (3)

where V̂γ is the atomic core potential at rγ . Equation (3) defines the crystal
field correction to the single particle Hamiltonian. Finally, we have the ordinary
matrix elements V mnopαβγδ of the Coulomb interaction.

The hαm,βn are elements of a matrix h which corresponds to the single
particle Hamiltonian of the molecule with only onsite energies and hopping
terms. After performing a transformation to the molecular orbital basis, in
which h is diagonal, |iσ〉 =

∑
αm ciαm |αmσ〉, and using the approximation

that the basis |αmσ〉 is orthogonal, the Hamiltonian reads:

Ĥ =
∑
ijσ

(
εiδij + ∆V ion

ij

)
d̂
†
iσd̂jσ

+
1

2

∑
ijkl

∑
σσ′

Vijkl d̂
†
iσd̂
†
kσ′ d̂lσ′ d̂jσ, (4)

where ∆V ion
ij now is

∆V ion
ij =

∑
αβ
mn

c∗iαmcjβn ∆V ion
αm,βn. (5)
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