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Mathematical details for the demonstration that the small molecule

and minimally extended molecule yield identical physical properties



To deduce the relationship between the matrix elements of the Green’s functions, it may be useful

to remember the following determinants’ splitting property:

Xii+hay X ... Xim X1 X1 ... Xim Yin Xii ... Xim
= ... . + o (S1)

Xui+Yu1 Xmp - Xum Xu1 Xmp2 - Xum Y1 Xup - Xuwm

Notice that the Y values only enter the first column of the determinant in the LHS and of the second
determinant of the RHS. To compute the retarded Green’s function of the small molecule G¢ — G

via Equation 1, we need to invert the N x N matrix Q¢ — Q

Ki1—XL
Q=1 ... ; (S2)

Ky n —2XR

where K}, v = €8, v — Hy, v (cf. Equations 1 and 10 in the main manuscript). Using Equation S1, the

determinant of this matrix can be expressed as

Q[ = [K| =2, (1/K[1) = Z [(N|K|N) — X (1, N[K[1,N)]. (S3)

Above, |X| stands for the determinant of the matrix X, and (i,...|X| J,...) denotes the determinant

of the matrix obtained by suppressing the row(s) i, ... and the column(s) j, ... from X. In addition to

the determinant |Q|, to compute the various matrix elements Gy,  of the Green’s function by matrix

inversion, the minor determinants (u |Q|v) are needed (1 < u,v <1)

Guy = (D" (1|Q|v)/|Ql. (S4)
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For the relevant indices the matrix elements are given below 2 <y, v<N—-1;1<n<N—-1;2<

¢ <N)

(1IQIN) = (N|Q[1)" = (1[K|N),  (S5a)
(/J|Q|V) = (Au|K|v) _ZR(.uaN’K‘V>N) _ZL Klnu|K|17v)_ZR(17“7N‘K‘17V>N)]> (SSb)
(nlQI1) = (nlk[1) =g (n,N|k[L,N),  (S5¢)

(EIQIN) = (SIKIN) =X, (1,§[K|L,N).  (S5d)

By choosing next the minimally extended molecule as central region, the RHS of the Dyson equation

(Equation 1) is the (N + 1) x (N + 1) matrix Q having the form (cf. Equations 1 and 12)

Kii—-% Kia oo oo O
K2, Kyy ... Koy O

Q= 0 : (S6)
Kn 1 Kny ... Kvn TR
0 0 N R — IR

Its determinant |Q| is obtained of the form
QI = (2r —Zg) [IK| — =2 (1|K|1)] — | &[> [(NKIN) — 22 (1, N[K|1,N)]. (S7)

It enters the denominator of the corresponding retarded Green’s function G= (6 j,k) 1< j,k<

N+1)

G = (-1 (j|Qlk)/|Q]. (S8)
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The corresponding minor determinants (j|Q|) for the indices of interest are given below for

2< U, vSN-1;2<E <N 1< <Nt

(1|Q|N+1) = (N+1]Q|1)" =7 (1K|N), (S9a)
(v]Q]v) = (zr — Zg) [(LK[v) =Zg (1, K[V, 1)]

—|t|* [(N, 1|KIN, v) = Zp. (1, 0, N|K|1, v, N)], (S9b)

(mlQl1) = (zr —Z&) (| K1) = ||* (n,N|K[1,N), (S9¢)

(NIQJ1) = (zr — Z&) (NK]1), (S9d)

(EIQIN+1) = T (S| K|N) =X (1,6 |K[1,N)], (S%)

(NIQIN) = (z —Zgr) (N|K|N) —Z. (1, N K| 1,N). (S91)

Using the explicit form of the embedding self-energies of Equations 14 and 15, one can easily deduce

the following identities

ZR(ZR) = ﬂ (S10)
78 — Lr(zr)’
= 2
2R — Xr(2R) R . 7R
= = 1—(—1 . S11
wiar) = H 0 = i1 () (1D

Importantly, |w(zg)| = 1. In view of Equation S10, one gets from Equation S3 and Equation S7

=]

| :ZR—ER: |lR|W. (812)

=

Equations S5c and S9c (1 < n <N — 1), Equations S5b and S9b (2 < u,v < N — 1), and Equations

S5d and S9f show that the ratio listed below are equal to the ratio of the determinants of Equation S12
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EZ:S::; :ZR—ER: ‘Z‘R’W (S13b)
N|Q|N _
%ZZR—ZRZ |lR|W. (5130)
Equations S5d and S9e and Equations (S5a) and S9a yield (1 < & < N)
glmw+1) (S14)
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