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Abstract
Background: Quantum dots connected to larger systems containing a continuum of states like charge reservoirs allow the theoreti-
cal study of many-body effects such as the Coulomb blockade and the Kondo effect.

Results: Here, we analyze the nonequilibrium Kondo effect and transport phenomena in a quantum dot coupled to pure monolayer
graphene electrodes under external magnetic fields for finite on-site Coulomb interaction. The system is described by the
pseudogap Anderson Hamiltonian. We use the equation of motion technique to determine the retarded Green’s function of the
quantum dot. An analytical formula for the Kondo temperature is derived for electron and hole doping of the graphene leads. The
Kondo temperature vanishes in the vicinity of the particle–hole symmetry point and at the Dirac point. In the case of particle–hole
asymmetry, the Kondo temperature has a finite value even at the Dirac point. The influence of the on-site Coulomb interaction and
the magnetic field on the transport properties of the system shows a tendency similar to the previous results obtained for quantum
dots connected to metallic electrodes. Most remarkably, we find that the Kondo resonance does not show up in the density of states
and in the differential conductance for zero chemical potential due to the linear energy dispersion of graphene. An analytical
method to calculate self-energies is also developed which can be useful in the study of graphene-based systems.

Conclusion: Our graphene-based quantum dot system provides a platform for potential applications of nanoelectronics. Further-
more, we also propose an experimental setup for performing measurements in order to verify our model.
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Introduction
The discovery of graphene [1,2] has opened new research direc-
tions and led to novel graphene-based electronic devices [3-6],
which employ its unusual physical properties [7-9]. From theo-
retical considerations, such an electronic device can be consid-
ered as a mesoscopic system that can be realized by a molecu-
lar junction or a single quantum dot (QD) or many QDs in a
particular arrangement coupled to charge reservoirs by metallic
[10-31], ferromagnetic [32-35] or graphene electrodes [36-40].
The choice of electrodes can have a significant effect on the
transport properties of the QD system.

In the present work, we study the nonequilibrium Kondo effect
and the transport properties in a QD coupled to graphene-based
leads by solving the pseudogap Anderson model [36-45] with
the equation of motion (EOM) technique [46-48]. In our
studies, a magnetic field is applied to the QD causing a Kondo
resonance splitting, and a finite on-site Coulomb interaction (U)
is considered resulting in a shift of the main QD energy level.
Furthermore, an asymmetric bias voltage is applied to the leads
causing the system to be driven out of equilibrium as it lies in
the Kondo regime. Our QD system allows the theoretical analy-
sis of quantum many-body effects such as the Coulomb
blockade and the Kondo effect, and provides a platform for the
implementation of graphene-based nanoelectronic devices.

Graphene is a two-dimensional layer of graphite. Such layers
were isolated experimentally about a decade ago [1,2] and
described theoretically about half a century ago [49]. The car-
bon atoms in graphene are arranged in a hexagonal (honey-
comb) lattice. The hexagonal structure can be considered as
a triangular Bravais lattice with a basis of two atoms per unit
cell [50]. Its reciprocal lattice consists of six points at corners
of the first Brillouin zone, whereas only two of them are
inequivalent. These points are denoted by K and K’ and re-
ferred to as valleys. At these points the energy dispersion of
quasiparticles in graphene is linear in momentum. This linear
band structure is called a Dirac cone, and it is at the basis of
many interesting physical phenomena such as the ’chiral’ quan-
tum Hall effect [51], the Klein tunneling effect [50] and the
Aharonov–Bohm effect [52]. The points where the conduction
and valence bands touch each other in momentum space are the
Dirac points. The Dirac points play an important role in the
electronic properties of graphene because around these points
low-energy excitations can be achieved. Furthermore, the
motion of the charge carriers is described by a 2D Dirac-like
equation. Therefore, they are often called 'relativistic' massless
fermions even if they move with a speed which is about
300 times smaller than the speed of light. The density of states
(DOS) is proportional to the absolute value of energy [53]. For
all of the above, graphene provides many applications [54] due

to its unique mechanical, optical, electronic and thermal proper-
ties.

In QD systems, described by an Anderson Hamiltonian, the
Kondo effect can be observed in an adequate approximation,
e.g., in the Lacroix approximation [47]. The Kondo effect is a
result of the interaction between a single magnetic impurity
(e.g., a magnetic atom or a localized spin) and the free elec-
trons in a nonmagnetic material (e.g., a continuum of states)
[23,24]. The Kondo effect has been extensively studied theoret-
ically within the framework of the EOM method applying the
Anderson model to a single QD with metallic contacts
[12,15,16,19,31], which has been confirmed by experimental
measurements [23,24,55]. This effect is more complicated in a
multi-QD system (like a T-shaped double-QD system) with
metallic leads due to the presence of multi-electron transport
channels [21,22], which is also verified by electronic transport
measurements [25]. The nonequilibrium Kondo effect in QDs
affected by finite magnetic fields has been explored in the
noncrossing approximation (NCA) [12] and by slave-boson
mean-field theory (SBMFT) for finite [26] and infinite
Coulomb interaction [27], respectively. The NCA was also used
to study the nonequilibrium Kondo effect in QDs without mag-
netic fields [13]. In addition, the transport properties of QDs
were studied within the framework of modified perturbation
theory [20,28,29]. Moreover, the DOS of a single QD was
calculated via EOM and NCA [12]. It was found that in the
nonequilibrium DOS the Kondo peaks are located at the values
of the chemical potentials and are suppressed due to nonequilib-
rium dissipation processes. In the presence of a magnetic field,
the Zeeman energy shifts the Kondo peaks from the chemical
potentials, to the right for spin-up electrons and to the left for
spin-down electrons. Thus, the Kondo peaks originally located
at the values of the chemical potentials are split into two new
peaks. It was found that the differential conductance consists of
an observable peak when the asymmetric bias voltage equals
the Zeeman energy. In the case of finite Coulomb interaction,
the zero-temperature linear conductance is suppressed under a
magnetic field, and double-resonant peaks show up at high
magnetic fields [26] in good agreement with the experimental
measurements [30]. The approximation proposed by Meir et al.
[11] was used to analyze the nonequilibrium Kondo effect in
QDs for arbitrary Coulomb interaction [15,16,31] and infinite
Coulomb interaction [12,46,48].

The influence of magnetic adatoms on graphene has been
studied theoretically [56-62]. It was found that a magnetic
moment can be engineered by electrically controlling the prop-
erties of a transition metal adatom on graphene providing the
possibility to develop graphene-based spintronic devices [56].
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Therefore, the physical properties of a graphene monolayer with
one of its carbon atoms substituted with a magnetic impurity
have been explored via density functional calculations [63,64].

In several studies, the Kondo effect in graphene is treated
within the framework of magnetic impurities with massless
Dirac fermions via a pseudogap Anderson model [41-45,65,66].
Dell’Anna showed that in graphene, depending on the position
of the impurity, within the tight-binding approximation, the
number of Kondo couplings can be reduced to one, producing a
multichannel pseudogap Kondo model [65]. The Kondo effect
was investigated using the tight-binding formalism for different
positions of a magnetic adatom on the graphene layer [66]. The
effect of a magnetic adatom located above one carbon atom of
graphene was studied by a slave-boson calculation [41]. Zhu
and Berakdar determined the DOS of a magnetic adatom on
graphene in the Kondo regime based on the EOM technique in
the Lacroix approximation [42]. They found that the Kondo
resonance appears only in a narrow energy range for the impu-
rity level with respect to the chemical potential (μ), and the
energy scale is proportional to |μ|. The Kondo effect of an
adatom on the surface of graphene and its scanning tunneling
microscopy (STM) have been analyzed by Keldysh nonequilib-
rium Green’s function theory by Li and co-workers [67]. They
found that the Kondo peak can be observed in a wide parame-
ter range from the Kondo regime to the mixed valence regime
or to the empty orbital regime, which is in agreement with the
literature [68-70]. In the latter two regimes, the shape of the
Kondo resonance is influenced by the Fano resonance. Howev-
er, the tunneling between the STM tip and graphene does not
obviously affect the shape of the Kondo resonance in the
vicinity of zero bias. Yanagisawa investigated the Kondo effect
induced by the s–d interaction with Dirac electrons using
Green’s function theory [71]. He found that the Kondo tempera-
ture is proportional to |μ| and vanishes at μ = 0.

The numerical renormalization group approach (NRG) was
used to analyze the pseudogap Kondo effect of a magnetic
impurity in the gapless Kondo [68,70] and Anderson models
[69,70]. It was found that the Kondo resonance is not observed
when the Fermi energy is near the Dirac points. The Kondo
effect induced by a point defect or a magnetic impurity in
graphene has been extensively studied for finite on-site
Coulomb interaction within the NRG framework [72,73]. May
et al. studied the Kondo effect for a carbon vacancy in a mono-
layer of graphene via an effective two-orbital single impurity
model using the NRG approach [74]. Vojta et al. applied the
pseudogap Kondo and Anderson models using a combination of
analytical and numerical renormalization group approaches to
study the Kondo screening of magnetic impurities in graphene
[75]. They found an asymmetric behavior of the Kondo temper-

ature depending on the sign of the chemical potential in the
limit of U → ∞. Experimental measurements of the Kondo
effect produced by lattice vacancies in graphene layers reveal
high values of the Kondo temperature enabling many future ap-
plications [76,77].

A plethora of experimental measurements have focused on the
electronic transport through graphene QDs [78-81], bilayer
graphene QDs [82,83], graphene QDs in the multilevel regime
[84-86], graphene double QDs [87,88] and graphene triple QDs
[89] in the Coulomb blockade regime. The literature concern-
ing transport phenomena in graphene-based QDs described by
the pseudogap Anderson model is limited. There are a few theo-
retical reports based on NCA calculations, which describe the
thermoelectric characteristics of a strongly interacting QD
connected to electrodes of massless Dirac fermions in the zero-
bias voltage limit [36,37]. The zero-bias conductance plots
reveal an impurity quantum phase transition between the Kondo
and local moment regimes. Furthermore, the thermopower
changes its sign when the temperature approaches the Kondo
temperature. In a recent study, the thermoelectric properties of a
noninteracting QD coupled to massless Dirac fermions have
been analyzed using the EOM technique [38]. At low tempera-
ture, by tuning the voltage of the metallic gate electrode, this
QD system reaches large values of thermopower and figure of
merit. Moreover, the thermoelectric properties of a single QD
connected to graphene electrodes have been studied within the
framework of the Hartree–Fock approximation using the EOM
technique, focusing on the Coulomb blockade regime [39]. It
was established that the Wiedemann–Franz law is not fulfilled
for the graphene contacts. In addition, the thermoelectric trans-
port properties of a noninteracting QD coupled to pure and
gapped graphene electrodes have been analyzed based on the
Hartree–Fock approximation by the EOM technique [40]. A
significant enhancement of the figure of merit was reported for
the gapped graphene electrodes within the massless gap
scenario. The systems present a high heat-to-electricity conver-
sion efficiency at low temperature, for which the phonon contri-
bution can be neglected [38,39].

The analytical approaches to Kondo physics of magnetic impu-
rities in graphene mostly explore the U → ∞ limit. Here, we
study the Kondo-type transport properties of a QD connected to
graphene leads considering the influence of temperature, mag-
netic fields and applied bias voltage. An analytical Green’s
function is derived using the EOM method. We obtain an esti-
mative formula for the Kondo temperature showing similar be-
havior to previous works. The corresponding DOS and differen-
tial conductance are also examined. The paper is organized as
follows. First, we introduce the model and determine the
Green’s function of the QD using the EOM method. Then, we
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Figure 1: (a) Schematic picture of a QD coupled to pure monolayer graphene electrodes at its left (L) and right (R) sides with different chemical
potential (μL and μR). Γα(ω) represents the coupling strength between the QD and the α graphene electrode. The spin-independent QD energy level
εd can be modulated by the gate voltage Vg at the gate electrode. (b) Schematic representation of the energy level diagram of the QD. The energy
levels are shifted by the Coulomb energy (U). The applied magnetic field (B) leads to a splitting of the discrete energy levels.

derive formulas for the differential conductance and for the
Kondo temperature. Subsequently, we present the results ob-
tained for the DOS and the differential conductance in the
absence and the presence of magnetic fields in the Kondo
regime. Finally, we summarize the main results of our work.

Model and Analytical Results
Theoretical model
We consider a QD coupled to pure monolayer graphene elec-
trodes at its left (L) and right (R) sides as shown in Figure 1.
The system can be described by the pseudogap Anderson
Hamiltonian [36-45]:

(1)

The first term in Equation 1, HG, represents the graphene con-
tact Hamiltonian, which describes the massless Dirac fermions
in the left (L) and right (R) graphene leads and can be expressed
as:

(2)

where  and cαskσ denote the creation and annihilation
operators of the Dirac fermions with wave vector k and spin σ.
Here, α identifies the channel in the left (L) and right (R)
graphene leads, and s denotes the valley index. εk = vFk is the

linear energy dispersion of the Dirac fermions in graphene with
vF ≈ 106 m/s being the graphene Fermi velocity. All electrodes
are at same temperature T. Thus, the momentum distributions of
the Dirac fermions inside the graphene electrodes are given by
the Fermi–Dirac function

where μα is the chemical potential of lead α, which is assumed
to be temperature-independent (in the following kB = 1). For
every k there is a momentum cutoff (kc) that defines the validity
of the linear dispersion and the energy cutoff D = vFkc.

The second term in Equation 1, HD, models the interacting QD
and reads:

(3)

where εdσ is the discrete spin-dependent energy of the QD, and
 and dσ represent the fermionic creation and annihilation

operators of the localized electrons in the QD. We assume that
an external magnetic field B is applied to the QD resulting in a
splitting of the discrete energy level εdσ = εd + σΔεd/2 where
σ = +1 and  correspond to spin up and down. The QD
energy level εd can be tuned by the gate voltage Vg. Therefore,
Δεd = |g|μBB represents the Zeeman energy of the QD with μB
and g being the Bohr magneton and the Landé factor. The
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(5)

second term in Equation 3 describes the repulsive interaction
between the electrons of the QD where U and  repre-
sent the Coulomb repulsion energy and the occupation number
operator of the localized electrons with spin σ. In the absence of
a magnetic field, the Coulomb energy U leads to a shift of the
main energy level εd resulting in two discrete energy levels εd
and εd + U. The first level εd corresponds to the singlet state
with energy εd, and the second is the doublet state with energy
2εd + U. We consider the situation when εd is well below the
values of the chemical potential in the leads (μα), while εd + U
is situated well above. This setting of energy levels ensures that
the graphene-based QD system lies in the Kondo regime.

The last term in Equation 1, HV, is the Hamiltonian describing
the tunneling between the graphene leads and the QD, which is
given by:

(4)

where Vαsσ(k) represents the tunneling amplitude, which is
related to the coupling strength of the graphene contacts to the
QD (see subsection Current formulas). Here, we consider that
the graphene monolayer electrodes are arranged in an armchair
configuration (see Figure 1). The distance in real space be-
tween the QD and sites of graphene sublattices A and B are
approximately the same. In the energy dispersion for armchair
edges there is a superposition of the K and K’ valleys. There-
fore, the tunneling amplitude may be considered valley inde-
pendent. We also assume that the QD is symmetrically coupled
to the leads, while the tunneling amplitude is spin independent.
Thus, , where  with V0
is the tunneling strength and Ω0 is the area of the graphene unit
cell.

Green’s function
In order to study the transport properties of the system, the
retarded Green’s function of the QD needs to be determined.
We employ the EOM technique to compute it by applying the
broadly used Lacroix decoupling scheme [47] within the frame-
work of the Meir approximation [11]. The computational proce-
dure is presented in Supporting Information File 1, Appendix A.
We obtain following Green’s function of the QD:

where we define the  noninteracting tunneling self-
energy as:

(6)

and introduce a dimensionless coupling parameter between the
localized electrons and Dirac fermions as  The
remaining self-energies are given by the relations:

(7)

with shorthand notations: 
 ω1σ = ω − σΔεd and

ω2σ = ω − 2εd − U. Therefore, we have:

(8)

(9)

Note that an integral similar to the expression defined by Equa-
tion 8 with Δεd = 0 appearing in Σ3σ(ω) has been analytically
evaluated before [42]. We show a simple analytical method for
determining the self-energies  and  for
finite temperature in Supporting Information File 1, Appendix
B. In Appendix C, we compare our analytical results to those of
[42]. The introduction of the index γ in above equations is
necessary, because the self-energies  and 
have different analytical solutions depending on the sign of the
chemical potential. (Here, γ = −, 0 and + correspond to the
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cases: −D < μα  0, μα = 0 and 0 μα < D, see Supporting
Information File 1, Appendix A).

The DOS of localized electrons with spin σ is given by:

(10)

The occupation number of electrons in the QD has to be calcu-
lated self-consistently by applying the spectral theorem. At low
temperature and equilibrium, the occupation number is given
by:

(11)

where f(ω) is the equilibrium Fermi function with μα = μ. At
low temperature and out-of-equilibrium, the occupation num-
ber can be expressed as:

(12)

Current formulas
In order to avoid all possible consequences caused by the
symmetry of the system, we chose an asymmetric bias voltage
determined by the chemical potentials as eV = μL − μR. The
asymmetric bias voltage is also preferred experimentally. The
spin-dependent current through the QD is given by [10-14]:

(13)

where e is the elementary charge and Γα(ω) = 2πη|ω|θ(D−|ω|)
is  the coupling s trength between the QD and the
graphene electrodes. Writing Equation 6 in the form

 [14], the coupling strength
Γα(ω) can be straightforwardly determined. The coupling
strength can be written in the more conventional form
used in the literature, that is Γα(ω) = 2πηρgr(ω) with
ρgr(ω) = |ω|θ(D − |ω|) being the DOS of the graphene leads [67].
Therefore, for a system consisting of a magnetic adatom in
graphene, Γα(ω) does not depend on the bias voltage, which
agrees with [42,67]. The total current is calculated as I = ΣσIσ.
The differential conductance is expressed as:

(14)

Kondo temperature
The Kondo temperature TK defines the energy scale of the
system and will be calculated by the method presented in
[22,48,90]. The approximations used in our calculations (see
Supporting Information File 1, Appendix A) are quantitatively
valid above TK. In the regime T ≤ TK, the results obtained for
relevant quantities such as the Kondo temperature, or the shape
of the Kondo resonances are only qualitatively valid [11,34].
We also note that the EOM method underestimates the Kondo
temperature TK and predicts the absence of the Kondo effect at
the particle–hole symmetry point even with metallic leads [16].
But doing so allows us to investigate the nature of these quanti-
ties and to understand the phenomena which take place in such
systems [12,13]. Thus, below we will estimate an expression for
TK as a function of the sign of μ for arbitrary values of U. First,
we investigate the behavior of the Green’s function given by
Equation 5 for large values of the Coulomb interaction. The
denominator of the second part of the Green’s function diverges
to infinite when U → ∞ causing the second term to vanish. In
this limit, the denominator of the first term of the Green’s func-
tion converges to a finite value. Thus the first term reproduces
the Green’s function in the U → ∞ limit and determines the
Kondo temperature. Mathematically, the Kondo temperature is
the temperature at which the real part of the denominator of the
Green’s function of the QD vanishes. The denominator of the
first part of the Green’s function in equilibrium and in the
absence of magnetic fields is denoted by N(ω,T). The solution
of the equation ReN(ω = 0, T = TK) = 0 gives the Kondo tem-
perature. In the following, we will work in the low temperature
limit and assume that |μ| is small (|μ| ≪ D) in order to eliminate
all band effects related to the definition of the energy cutoff
[56]. Thus, we can write the equation:

(15)

with:

(16)
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where Σiσ ≡ Σiσ(ω = 0, T = TK) with i = 0, 1, 2, 3, 4. In order to
get analytical results, we have to restrict the calculations to the
limit of 2TK < 2εd + U − μ < 2D that exludes the existence of
the particle–hole symmetry point. In the following, by taking
into account that the chemical potential in graphene leads μ can
be tuned by various doping techniques, we discuss two differ-
ent cases concerning TK: (i) μ > 0 that corresponds to electron
doping and (ii) μ < 0 that corresponds to hole doping. For
μ > 0, we obtain from Equation 15 and Equation 16:

(17)

and for μ < 0 we find:

(18)

where we used the properties of the Lambert W function, and e
denotes now the Euler’s constant.

To the best of our knowledge, so far, no analytical formula has
been derived for the Kondo temperature of the system consid-
ered here. In order to verify the correctness of Equation 17 and
Equation 18, we compare them to the relation used in another
study of a QD with metallic contacts, which is based on the
EOM method [16]:

(19)

where ε0 = εd − μ. We observe that TK only depends on U and is
independent of D for metallic contacts. For graphene contacts,

 is regulated by U and also by D. The presence of D in 
is due to the fact that it determines the band structure of
graphene. Therefore, at the particle–hole symmetry point (2εd +
U = 0), for μ ≠ 0, TK does not vanish for metallic leads within
the Lacroix approximation. In our case, we do not exactly reach
the particle–hole symmetry point due to the conditions outlined
above, but we can estimate  in the vicinity of particle–hole

symmetry. If we consider that 2εd + U ≡ α where |α|≪ D, then
for μ ≡ μ(+) > 0 we have:

(20)

and for μ ≡ μ(−) < 0 we find:

(21)

We can see that  does not vanish in vicinity of the
particle–hole symmetric point, in agreement with what was ob-
tained for metallic electrodes. It follows that TK vanishes only
for μ = 0 in the case of metallic leads. In our case, if we assume
that μ(+) → 0+ and α → 0+ as well as U > |2εd|, then from Equa-
tion 20 we have  In the same way, assuming that
μ(−) → 0− and α → 0− with U < |2εd|, then from Equation 21 we
derive that  It was shown that the Kondo temperature
vanishes at the Dirac points [36,68,71,75]. The NRG results of
a pseudogap Anderson model show no Kondo screening in the
case of particle–hole symmetry when μ = 0 due to the vanish-
ing DOS at the Dirac point. In the case of particle–hole asym-
metry, (with U → ∞) Kondo screening occurs when the
QD–lead coupling constant is larger than a critical value [70].
Furthermore, employing NRG calculations Kanao et al. estab-
lished that the Kondo temperature does not vanish at μ = 0 due
to the particle–hole asymmetry, while it is symmetric in μ in the
vicinity of the Dirac point [72]. In another work, NRG calcula-
tions predict a non-zero but asymmetrical behavior for TK in
particle–hole asymmetry [73]. In the U → ∞ limit, by using a
combination of analytical and numerical renormalization-group
techniques, Vojta et al. found two completely different behav-
iors for TK as a function of the sign of μ [75]. For μ > 0, the
Kondo temperature fulfills the law TK ∝ |μ|x with a universal
exponent x ≈ 2.6. For μ < 0, they found that TK ∝ κ|μ| where κ
is a universal prefactor. An extreme asymmetry between cases
is observed when the graphene is differently doped. Moreover,
Yanagisawa deduced a formula for the Kondo temperature
using the Green’s function theory [71]. Here, for small values
of |μ|, the Kondo temperature is independent of the sign of the
chemical potential, namely TK ∝ |μ|. In the U → ∞ limit, an
asymmetrical behavior of TK was reported in case the chemical
potential is situated below or above the Dirac points of
graphene with a magnetic adatom [67].

In conclusion, the vanishing of  at the Dirac point in the
vicinity of the particle–hole symmetry point is most likely a
consequence of the EOM method. On the other hand, in the
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case of particle–hole asymmetry, the Kondo temperature TK
does not vanish even at μ = 0, which is in accordance with NRG
calculations for finite U [72,73]. The correct dependence of TK
on μ is still not clear even for U → ∞. Future studies will be
necessary to further understand the behavior of TK, also for
finite U. The precise determination of TK demands self-consis-
tent calculations instead of working within the Meir approxima-
tion to derive average values of the mixing operators 
and  which appear in the retarded Green’s func-
tion (see Supporting Information File 1, Appendix A). The
Green’s function has to be calculated taking into account new
higher-order correlation functions resulting from a more accu-
rate decoupling scheme [16]. This decoupling scheme yields a
TK that does not vanish at the particle–hole symmetry point
within the EOM method of QDs with metallic electrodes.

Results and Discussion
In this section, we present our numerical results on the
graphene-based QD system. In order to simplify the numerical
calculations, we measure all quantities in units of the energy
cutoff D. We assume D ≈ 7 eV, which is an acceptable value for
graphene samples [40,56-58]. We consider a lateral QD formed
by lithographically-realized metallic gate electrodes placed near
the QD, similar to a QD created in a semiconductor heterostruc-
ture consisting of a two dimensional electron gas. The energy of
the confined electrons can be changed using a gate electrode
[30]. The Coulomb repulsion energy in the QD is assumed to be
U ≈ 480 meV, i.e., U/D = 0.069, an acceptable value for mag-
netic impurities in graphene [56-58]. To estimate the value of
the dimensionless coupling parameter η, we assume a tunneling
strength of V0 ≈ 1 eV [42,58], and consider that the area of the
graphene unit cell is Ω0 ≈ 0.051 nm2 [50]. We thus find
η ≈ 0.0186, and in the following, we use the rounded value
0.0186. Importantly, the coupling strength η is the main param-
eter of the graphene-based QD system determining the trans-
port regime. Namely, when η gradually decreases, a transition
from the Kondo regime to the Coulomb blockade regime of the
transport through the QD occurs [91]. This tendency has been
previously explored for a QD attached to metallic electrodes
[15,17,18]. First, we present our results for infinite U because
they allows us to understand the phenomena which take place in
the system. Then, we generalize these results for finite U.

In Figure 2, we present the self-consistent calculations of the
total DOS of the QD [sum of the spin-dependent densities of
states ρd(ω) = ρd↑(ω) + ρd↓(ω)] for different values of the
chemical potentials and at zero magnetic field. At equilibrium
(μL - μR = eV = 0), we observe the Kondo peak in the DOS at
the equilibrium chemical potential μL = μR = μ that corresponds
to a resonant transmission through the QD [12]. Applying a bias
voltage between the left and right electrodes (at nonequilibrium,

eV ≠ 0) results in the splitting of the Kondo peak into two peaks
of smaller amplitudes, which are located at the chemical poten-
tial of the left (μL) and the right (μR) electrodes. Thus, the dis-
tance between the nonequilibrium Kondo resonances is equal to
the difference of the values of the chemical potentials, eV = Δμ.
The suppression of the peak amplitudes is caused by the dissi-
pative transitions of electrons between the electrode of high
chemical potential and the electrode of low chemical potential.
This electron transfer determines a finite relaxation time τσ, that
can be calculated using second-order perturbation theory
[12,13]. It can be intuitively introduced by substituting δ in the
self-energies Σiσ(ω) with  [31,34]. By considering a small
value for  e.g.,  = δ ≈ 10−7 [31], the analytical results
for the self-energies Σiσ(ω) are in good agreement with the nu-
merical calculations (see Supporting Information File 1,
Appendix C for a particular case).

Figure 2: The DOS in the QD for different values of the chemical
potentials at temperature T/D = 5 × 10−6 with U/D → ∞ and in absence
of a magnetic field. Additional parameters: η = 0.02 and εd/D = −0.011.

The numerical results for the nonequilibrium DOS in the QD
calculated for zero magnetic field, three different temperatures
and different values of the additional parameters are shown in
Figure 3. At low temperature, the Kondo resonances appear at
the values of the chemical potentials (ω ≈ μL and ω ≈ μR), and
their amplitudes decrease with increasing temperature, com-
pletely vanishing at high temperature. These findings are in
agreement with what was observed for a QD with metallic elec-
trodes [12,13]. At temperatures close to the Kondo temperature
or lower, the shapes of the Kondo peaks are not quantitatively
valid due to the approximations used here. In order to quantita-
tively describe the shape of the resonances one should use an
approximation based on self-consistent calculations [47].
Besides the strongly temperature-dependent sharp Kondo peaks,
the DOS consists of a broadened peak with large amplitude, the
peak of which is located at 
where ReΣ3(ω) = ReΣ3↑(ω) = ReΣ3↓(ω). This broadened
peak corresponds to a resonant transmission through the
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Figure 3: The nonequilibrium DOS in the QD at zero magnetic field for different temperatures with U/D → ∞ and different values of the parameters:
(a) μL/D = 0.028, μR/D = 0.030, η = 0.02 and εd/D = −0.011. (b) μL/D = −0.024, μR/D = −0.022, η = 0.015 and εd/D = −0.068.

Figure 4: The nonequilibrium DOS in the QD for different values of the Zeeman energy with U/D → ∞ at temperature T/D = 5 × 10−6 and for different
parameters: (a) μL/D = 0.028, μR/D = 0.030, η = 0.02 and εd/D = −0.011. (b) μL/D = −0.024, μR/D = −0.022, η = 0.015 and εd/D = −0.068.

QD at , for which the renormalized QD energy level
 is calculated self-consistently from the relation

 [34].

We now investigate the effect of an external magnetic field
acting only on the QD without affecting the graphene leads.
Neglecting the effect of the magnetic field on the electrodes is a
broadly used approximation for QDs connected to metallic
leads [12,26,92]. We can apply this approximation because the
graphene leads are well separated. In addition, we consider a
magnetic field that is well focused on the QD. Taking into
account the modification of the current through the QD as a
result of the magnetic field applied to the leads, is beyond the
scope of this work. We estimate the Zeeman splitting according
to the experimental data. The Landé factor of the QD is
assumed g = −0.44. For QDs formed in GaAs, this value is
close to the g factor of a two-dimensional electron gas
[55,93,94]. The Bohr magneton is μB = 58 μeV/T [55]. For the
applied magnetic field we choose values close to B ≈ 5 T, which

is preferable for experimental measurements [55,93,94]. Thus,
the Zeeman splitting becomes Δεd ≈ 125 μeV, which corre-
sponds to Δεd/D ≈ 17 × 10−6. The values of the chemical poten-
tials remain unchanged. By applying a magnetic field
(Figure 4a,b, out-of-equilibrium), the Kondo peak splits into
two peaks of smaller amplitudes, which are shifted by the
Zeeman energy from the chemical potential, to the right for
spin-up electrons and to the left for spin-down electrons. These
results are in agreement with the results of Meir et al. concern-
ing a QD with metallic electrodes influenced by a magnetic
field [12]. The location of the damped peak of electrons with
spin σ is given by . It is shifted
from the nonmagnetic position (see Figure 3) to the right by
Δεd/2 for spin-up electrons and to left for spin-down electrons.
The broadened peak corresponds to resonant tunneling of elec-
trons with spin σ at the spin-dependent renormalized QD energy
level  We observe that,
in all cases, the DOS totally disappears at ω = 0. In addition, for
μα = 0 the Kondo peak does not show up in the DOS. This be-
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havior of the DOS is agreement with the results of Li et al. [67]
for an adatom on the surface of graphene with U → ∞, and is a
consequence of the zero DOS of graphene at the Dirac points.

In Figure 5, we present the results obtained for the total differ-
ential conductance of the QD [sum of the spin-dependent differ-
ential conductance dI/dV = ΣσdIσ/dV] as a function of the bias
voltage (eV = μL − μR) at three different temperatures and zero
magnetic field. The zero-bias peak is observed when the differ-
ence in chemical potentials is equal to the Zeeman energy,
eV = Δµ = Δεd = 0. The zero-bias peak in the differential
conductance corresponds to a resonant transmission through the
QD and is strongly temperature-dependent. At low temperature,
its shape is narrow and sharp, but with increasing temperature
the amplitude decreases, and the peak becomes broadened. We
also observe that the shape of the Kondo peak strongly depends
on the bias voltage. Its amplitude reaches a maximum at eV = 0
and quickly drops when eV increases. The variation of the
differential conductance near eV = 0 can be described by a
second-degree polynomial function. The dependence of the
differential conductance on the bias voltage is in agreement
with the theoretical results of Świrkowicz et al., who consid-
ered a QD connected to metallic electrodes [31]. The zero-bias
peak of the differential conductance was observed experimen-
tally for magnetic impurities induced by vacancies on graphite
surface [77].

Figure 5: Differential conductance dI/dV as a function of the bias
voltage eV with μR/D = −0.022 at three different temperatures in
absence of a magnetic field. The remaining parameters are the same
as those in Figure 3b.

In Figure 6, we plot the differential conductance as a function
of the bias voltage for different values of the chemical potential
of the right lead, μR, at temperature T/D = 5 × 10−6 and in
absence of a magnetic field. Once μR meets the Dirac points,
the zero-bias peak vanishes since the DOS is zero at the Dirac
points. When μR is situated below or above the Dirac points, the
zero-bias peak appears in the differential conductance,

Figure 7: Amplitude of the zero-bias peak as a function of the chemi-
cal potential μR for eV = 0 at three different temperatures and in the
absence of a magnetic field. The remaining parameters are the same
as those in Figure 5.

revealing the existence of the Kondo effect. When μR is situ-
ated below the Dirac points, the zero-bias peak is higher for
larger values of |μR|. In case μR is above the Dirac points, the
zero-bias peak is much smaller than for negative values of μR.
The difference in height of the zero-bias peaks as a function of
μR results from the particle–hole asymmetry of the graphene
electrodes. The behavior of the Kondo peak is in agreement
with other theoretical results obtained for magnetic impurities
in graphene [67,75].

Figure 6: Differential conductance dI/dV as a function of the bias
voltage eV for different values of the chemical potential μR at tempera-
ture T/D = 5 × 10−6 in the absence of a magnetic field. The remaining
parameters are the same as those in Figure 5.

Figure 7 shows the zero-bias peak as a function of the chemical
potential μR for eV = 0 at three different temperature values.
The figure can be interpreted in the following way. We verti-
cally intersect the graphic at a given point of μR, e.g., at
μR/D = −0.022, and follow the evaluation of the amplitude of
the zero-bias peak. Obviously, from the top of the graphic to the
bottom, we cross the first curve corresponding to the tempera-
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ture T/D = 5 × 10−6, then the second one that corresponds to
T/D = 5 × 10−5, and finally reach the third curve corresponding
to T/D = 5 × 10−4. The value of the zero-bias peak amplitude at
the crossing points decreases with increasing temperature for a
narrow range of the chemical potential, when the system is in
the Kondo regime, in agreement with the results of Figure 5.
The amplitude of the zero-bias peak strongly depends on μR. At
μR = 0 the zero-bias peak totally vanishes and reaches
a  m a x i m a l  v a l u e  f o r   a t
T/D = 5 × 10−6. With increasing temperature the peak shifts to
the left, i.e., to the smaller values of μR. For positive values of
μR, the zero-bias peak has a much smaller amplitude than for
negative values of μR (see Figure 6). Consequently, in order to
reach the highest transmission probability of the charge carriers
at eV = 0 with the chosen parameters of the system, we have to
set 

In Figure 8, we plot the differential conductance as a function
of the bias voltage for different values of the Zeeman energy at
temperature T/D = 5 × 10−6. By applying a magnetic field to the
QD, the zero-bias peak splits up into two peaks of smaller
amplitude. The distance between the split peaks is twice the
Zeeman energy (2Δεd). For a reduced value of the Zeeman
energy, the split Kondo peaks broaden and begin to overlap.
These results are in agreement with previous theoretical studies
of QDs attached to metallic leads in the presence of a magnetic
field [12,26].

Figure 8: Differential conductance dI/dV as a function of the bias
voltage eV for different values of the Zeeman energy at temperature
T/D = 5 × 10−6. The remaining parameters are the same as those in
Figure 5.

The numerical results for the nonequilibrium DOS in the QD
calculated for finite U at three different temperatures in the
absence of a magnetic field are shown in Figure 9. At low tem-
perature, similar to the case of U → ∞ (see Figure 2 and
Figure 3), the Kondo resonances appear at the chemical poten-
tials, and their amplitudes decrease with increasing temperature

and disappear at high temperature. Besides the temperature-de-
pendent narrow and sharp Kondo peaks, the DOS consists of
two broadened peaks of large amplitude located at ω ≈ ReN1(ω)
and ω ≈ ReN2(ω), where ω − N1(ω) and ω − N2(ω) are the
denominators of the first and the second part of the Green’s
function of the QD given by Equation 5, in absence of magnet-
ic fields. The broadened peaks determine the differential
conductance within the Coulomb blockade regime. The left
broadened peak corresponds to a resonant transmission through
the QD at  and the right one to , where the
renormalized QD energy level  and the renormalized
Coulomb interaction  have to be calculated self-consistently
using the method presented by Van Roermund et al. in [16].

Figure 9: The nonequilibrium DOS in the QD for U/D = 0.069 with
μL/D = 25 × 10−3 and μR/D = −9.5 × 10−3 at three different tempera-
tures and zero magnetic field. Here, η = 0.02 and εd/D = −0.022.

Figure 10 shows the self-consistent calculations of the total
DOS for finite U at temperature T/D = 5 × 10−6 in the presence
of a magnetic field. In agreement with the results for U → ∞
(see Figure 4), the Kondo resonances split up when a magnetic
field is applied to the QD. The split peaks have smaller ampli-
tudes and are shifted by the Zeeman energy from the chemical
potentials, to the right for spin-up electrons and to the left for
spin-down electrons. The damped peaks characterize the trans-
port in the Coulomb blockade regime in the presence of a mag-
netic field and are located at ω ≈ ReN1σ(ω) and ω ≈ ReN2σ(ω)
for electrons with spin σ. The broadened peaks shift by Δεd/2
from the locations determined by ReNi(ω) in absence of mag-
netic fields, to the right for spin-up electrons and to the left for
spin-down electrons. In the same way, the spin-dependent
renormalized QD energy level  and the renormalized
Coulomb interaction energy  can be estimated.

In Figure 11, we present the calculated total differential conduc-
tance as a function of the bias voltage for finite Coulomb inter-
action and at different temperatures and zero magnetic field. In
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Figure 10: The nonequilibrium DOS in the QD for different values of
the Zeeman energy and finite U at temperature T/D = 5 × 10−6. The
remaining parameters are the same as those in Figure 9.

analogy to the case of U → ∞ (see Figure 5), the zero-bias peak
appears in the plot of the differential conductance when the bias
voltage equals the Zeeman energy (eV = Δεd = 0). Its shape
strongly depends on the temperature. At high temperature, the
zero-bias peak is not observed. With decreasing temperature the
Kondo peak appears and becomes increasingly sharper due to
the narrow Kondo resonance in the DOS. Therefore, close to
eV = 0, the Kondo peak strongly depends on eV. It significantly
decreases when eV increases. The variation of the differential
conductance for small values of |eV| can be approximated by a
second-degree polynomial function as has already been pro-
posed in the U → ∞ case. The μR dependence of the zero-bias
peak shows the same behavior as observed for U → ∞.

Figure 11: Differential conductance dI/dV as a function of the bias
voltage eV with μR/D = −9.5 × 10−3 for different temperatures and finite
U at zero magnetic field. The remaining parameters are the same as
those in Figure 9.

Conclusion
We studied the Kondo effect of a QD connected to pure mono-
layer graphene electrodes arranged in an armchair configura-
tion with respect to the QD. To the best of our knowledge, this

is the first study exploring the influence of a magnetic field on
the transport properties of such a system. The system is de-
scribed by the pseudogap Anderson model under external mag-
netic fields. We derived an analytical formula for the Green’s
function of the QD for finite on-site Coulomb interaction using
standard decoupling schemes. An analytical formula for the
Kondo temperature is also derived for electron and hole doping
of the graphene. The Kondo temperature vanishes at the Dirac
point close to the particle–hole symmetry point. In the case of
particle–hole asymmetry, the Kondo temperature has a nonzero
value even at the Dirac point. This behavior is in agreement
with other reports in the literature. The DOS of the QD and the
differential conductance through the QD were calculated self-
consistently for finite temperature. The finite on-site Coulomb
interaction has a similar effect on the transport properties as
was observed for QDs connected to metallic electrodes. The
DOS of the QD is vanishing for zero energy values since the
DOS of graphene is zero at the Dirac points. Consequently, the
zero-bias peak is not observed when the chemical potential
matches the Dirac points of graphene. An analytical method to
calculate the integrals appearing in the self-energies is de-
veloped, which can be applied for related graphene-based
systems.

To the best of our knowledge, there are no experimental studies
of the presented system. Therefore, we suggest an experimental
realization of the system, as shown in Figure 1, which will
verify our theoretical model. We hope that the results obtained
will contribute to the development of new graphene-based
nanoelectronic devices.

Supporting Information
Supporting Information File 1
Derivation of the QD retarded Green’s function, of
self-energies and verification of the developed analytical
method.
[https://www.beilstein-journals.org/bjnano/content/
supplementary/2190-4286-11-17-S1.pdf]
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