(J BEILSTEIN JOURNAL OF NANOTECHNOLOGY

Spin annihilations of and spin sifters for transverse electric
and transverse magnetic waves in co- and counter-rotations

Hyoung-In Lee "2 and Jinsik Mok?3

Full Research Paper

Address:

Research Institute of Mathematics, Seoul National University, Seoul,
151-747 Korea, 2School of Computational Sciences, Korea Institute
for Advanced Study, Seoul Korea and 3Dept. of Mathematics,
Sunmoon University, Asan, Chungnam 336-708 Korea

Email:
Hyoung-In Lee - hileesam@naver.com

* Corresponding author
Keywords:

angular momentum; multiplexing; nanoparticle; orbital; Poynting; spin;
trajectory

Abstract

Beilstein J. Nanotechnol. 2014, 5, 1887—1898.
doi:10.3762/bjnano.5.199

Received: 20 July 2014
Accepted: 03 October 2014
Published: 28 October 2014

Associate Editor: R. Naaman

© 2014 Lee and Mok; licensee Beilstein-Institut.
License and terms: see end of document.

This study is motivated in part to better understand multiplexing in wireless communications, which employs photons carrying

varying angular momenta. In particular, we examine both transverse electric (TE) and transverse magnetic (TM) waves in either

co-rotations or counter-rotations. To this goal, we analyze both Poynting-vector flows and orbital and spin parts of the energy flow

density for the combined fields. Consequently, we find not only enhancements but also cancellations between the two modes. To

our surprise, the photon spins in the azimuthal direction exhibit a complete annihilation for the counter-rotational case even if the

intensities of the colliding waves are of different magnitudes. In contrast, the orbital flow density disappears only if the two inten-

sities satisfy a certain ratio. In addition, the concepts of spin sifters and enantiomer sorting are illustrated.

Introduction

Electromagnetic (EM) waves are now fairly well understood at
least in terms of angular momentum (AM) and Poynting vector
(PV). For instance, the AM of spin-one photons is divisible into
the spin and orbital parts [1-6]. Because the PV is proportional
to the flow density of the total linear momentum, the examina-
tion of the PV flows, i.e., their trajectories would reveal the
secrets behind the AM [6]. The AM is revealed, for instance, in

the optical vortices with circular and helical streamlines in two

and three spatial dimensions, respectively. As prototypically
non-rectilinear propagations [3,5,6], the circular propagations
can be further divided into clock-wise and counter-clockwise
ones. When translated into propagations in three-dimensional
space, we call them right- or left-handed helical propagations.

Closely related to the photon spins are those metamaterials that

consist exclusively of nonmagnetic constituents [7-12]. For
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example, a simple planar periodic array of split-ring resonators
(SRRs) provides magnetic resonances. Of particular interest is a
stacked SRR dimer, in which the relative twist angle between
the dimer constituents tunes the degree of interference between
the electric and magnetic modes [6,10,11]. This varied interfer-
ence turns out to be related to the co- and counter-rotations
under current investigation as presented in Figure la. As a
reference, closed rings lack a magnetic resonance mode in com-
parison to split rings. In addition, the enantiomer sorting takes
advantage of the optical chirality and helical flows which
accompany the photon spins [5,12].
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Figure 1: (a) The axial direction is along the z-axis, whereas the "in-
plane" refers to the xy-plane. The superscript "-" refers to the interior
of a cylinder, whereas the superscript "+" refers to the exterior. A thin
layer lies between the interior and exterior dielectric media. (b) A
schematic for the TE and TM waves.

Another important area in which AM-carrying beams prove
useful is the manipulation of nanoparticles. Here, particles with
electric polarizability experience appreciable forces by the illu-
minating EM waves [4,13]. For instance, nanoparticles in a
semi-infinite space undergo the influence of the AM of the
beams, which are incident through prisms from the other semi-
infinite space. Here, evanescent waves with a spatial inhomo-
geneity or of structured waves play an important role in
supplying such AM [6]. Based on the above two kinds of exam-
ples, we conclude in loose terms that the spatial inhomogeneity
is essential to imparting the AM of EM waves to nanoscale
objects [3,14].

Our investigation is motivated to better understand multi-
plexing of EM waves in the area of wireless communications
[15], which is among numerous applications of photon AM.
Beams that carry different angular momenta are multiplexed,
transported, and then recovered. The communication capacity is

thus enhanced, although there remain many obstacles to prac-
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tical realizations. Here, suitable spiral phase plates (SPPs) help
to generate the necessary AM to the beams [16], by imposing
either clockwise or counter-clockwise rotational AM. These
SPPs must be excited in turn by either electric or optical means.
Of course, practical SPPs are associated with three-dimensional
inhomogeneity.

We focus here on the simplest multiplexing, namely, a
duplexing between two beams: the transverse-electric (TE) and
the transverse-magnetic (TM) fields as shown in Figure 1b.
However, TE and TM waves in co-rotations have the same
azimuthal mode index, thereby referring to the same AM.
Instead, we concentrate here on the TE and TM waves in
counter-rotations, thus referring to the opposite azimuthal mode
indices [15,17]. By duplexing, an interference is implied, which
is also present in the interactions among multiple beams
[3,4,6,12]. In the mathematical context, there turn out to be
frequent sign changes in the energy terms for the counter-rota-
tional case in comparison to those for the co-rotational case.
These sign changes are related not only to the Coriolis force
hidden behind the vector Laplacian in classical fluid dynamics
[18] but also to the vector potential leading to the Landau levels
in quantum mechanics [19].

Let us refer again to the schematic Figure 1a in both Cartesian
and cylindrical coordinates, where a cylinder located at » = R
divides the interior from exterior. Figure 1b displays the TE and
TM waves, each being characterized by non-zero axial fields.
Both TE and TM waves are assumed to undergo circular propa-
gations in the xy-plane. Hence, the TM and TE modes corres-
pond, respectively, to the S- and P-polarizations [7]. This
annular cylinder of infinitesimally small thickness idealizes a
possible active zone of optical gain [20-22]. The current study
complements our previous one on the co-rotating TE and TM
waves [23]. In [23], we have paid a little more attention to the
jump conditions across the cylindrical active layer, which
essentially provides energy to the PV flows in both the interior
and the exterior [20].

In the current study, we will just take the annular cylinder as a
black box. Therefore, our forthcoming formulations are rela-
tively scale-independent. As an example from the current tech-
nological perspective [7-9], we assume a mid-IR EM wave of a
frequency of 3 THz. The diameter of the cylinder shown in
Figure 1a is one wavelength of 100 pm. Assuming the thin layer
of thickness as small as its hundredth refers to 1 micrometer. In
this respect, nanoparticles immersed in this configuration could
be appropriately treated. From theoretical and numerical
analysis, we found that the results from the counter-rotational
case are not simply opposite to those from the co-rotational

case. In other words, the mutual reinforcements and cancella-
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tions accompanying the counter-rotational case are so subtle as
to defy ordinary expectations gleaned from our previous results
for the co-rotational case in [23]. In particular, the photon spins
turn out be quite intriguing [15,20,23].

This paper is organized as follows. Section "Formulation and
Fundamentals" describes a problem statement and solutions to
such formulations. Section "Poynting Vectors and Trajectories"
considers Poynting vectors and associated trajectories. Section
"Angular Momentum and Spins" considers the AM and photon
spins, thus coming up with several extraordinary concepts.
Section "Discussion" provides additional arguments, followed
by "Conclusion" summarizing the principle behind spin sifters
and other issues.

Results

Formulation and fundamentals

The first part of this section up to Equation 7 largely follows
what has been presented in our paper [23]. Nonetheless, more
details are provided in Section S1 of Supporting Information
File 1. As shown in Figure la for the Cartesian coordinates
(x,y,z), the cylindrical coordinates (r,0,z) are related by
(x,) = r (cos 6, sin 0). Both electric field E and magnetic field
H are dependent on (r,8) so that waves propagate only in the
in-plane direction normal to the z-axis. The TE and TM waves
presented in Figure 1b are independent basis states in this cylin-
drical configuration. As a result, the EM field vectors are
decomposable into two orthogonal modes: (i) the TE mode with
Erp =(0,0,E,) and Hpy =(H,,Hy,0), and (ii) the TM mode
with Epy, =(E,.Ep,0) and Hpy, =(0,0,H) [4-7]. We assume
the time-harmonic and azimuthally periodic form
E,H o exp(—iwt). Here, o is frequency and 7 is the time, from

which k = w/c is the free-space wave number.
Consider the normalized amplitude functions (f,.fp.fz) and
(hy,hg,h,) for the electric and magnetic fields, respectively. The

total fields are then expressed as below for the counter-rota-

tional case [3]:

1 . . .
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Here, the complex number g is the coupling coefficient between
the TE and TM modes [4]. Hence, the two limits |¢g| — 0 and |g|

— oo refer, respectively, to the pure TM and pure TE modes.

Besides, |g> = g*-¢, and ¢ is the permittivity, which is positive
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for dielectric media so that € = n2 with n being the refractive
index. In addition, p = 1 is the permeability for non-magnetic
materials. Note that both &€ and p have already been made
dimensionless [2,3].

Equally important is that the integer m is the azimuthal mode
index. For the co-rotational case, all the occurrences of
exp(+im0) in both Equation 1 and Equation 2 should be
replaced by either exp(im0) or exp(—im0) [23]. Therefore,
the TE and TM waves in Equation 1 and Equation 2
follow the respective proportionalities exp[—i(mb + of)]
and exp[i(mb — w?)], thus signifying counter-rotating
propagations [15,20]. Consider the Maxwell's equations
c_l(ﬁ/at)(aﬁ):Vxﬁ and —(8/6[)(@):V><E, with ¢ as
the speed of light. The variables in the interior and exterior are

denoted by superscripts and "+", respectively. For instance,
the electric permittivity is denoted by &*. For the sake of
simplicity, we keep constant in this study n~ =2 and n* = 1
(vacuum). Furthermore, we introduce normalized variables and
operators: p = kr and V, =V/k. Hence, the Maxwell's
equations become —icE =V, xH and ipH =V, xE, thus
expressing the in-plane components in terms of the axial ones.

With the Helmholtz operator V,%,Edz/d p+ pﬁld/dp+8u* p2m>
both axial field components are governed by Vf,,fz =0 and
anhz =0. Across the thin layer, the interface conditions for the
fields lead to (E, ), =(E.), and (H.), =(H.),. In addition,
the analysis across the thin layer provides us with another
set of jump conditions: (dEZ/dp); —(dEZ/dp); =A% and
8_(dHZ/dp); —g" (dHZ/dp)R =¢'e B [20,21], where the
two parameters 4* and B* account for what happens within the
thin layer at » = R as indicated in Figure la. Although we are
not concerned with the second set of jump conditions as in [22],
there is a more serious argument about the possible electrody-
namics within the thin layer in [23].

Now we introduce Fir (5) through

N )
F =— s R s
m (P) Jm(R;) p<Ry 3)
() (5
Fy(p)= H;’; (p+) .P>R;. “
3 (%)

It is convenient to define a new set of radial coordinates
p= nip, for the interior and the exterior. Then, J,,(n"p) is the
Bessel function of the first order for the interior, whereas
H ,(,} ) (n+p) is the Hankel function of first order for the exterior
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[1,2,22]. Additionally, we redefine the thin-layer position from
the viewpoint of p such that R;f = niRp =n*kR. Therefore, we
have the respective ranges of validity: 0 <p < Ry =n R, and
p> R; = n*Rp. Second, we introduce the gradient functions of
the first and second order:

.\ d _ 1 _
Gi(p)=—In| F: = —F
2
e R
KE(P)=Lm| ZrEp)=2L—
n(P) dp n{dﬁ m(p)} iFi(—) ©
dp ™

See Figure S1.1 and Figure S1.2 of Supporting Information
File 1 for the graphs of G,f,( ) and K, ( ) Solely with the two
continuity relations (EZ); =(E.), and (HZ); =(H. ),
we arrive at a pair of solutions f, (E):Frf (5) and
h, (5):NF,§ (5) to the desired axial fields [22]. Here, the

refractive-index ratio N is defined by:

N{n

For our data of n~ =2 and n* =1, N=1 and N = 2 in the inte-
rior and the exterior, respectively. This kind of ratio plays a

I,y<R

7/n+,r>R' @

crucial role in stereometamaterials [10].

Consider the EM energy density, w, defined by
w=4L Th 1|E|2 _l|ﬁ|2 [2,4]. According to Equation 1 and
Equanon 2, we ﬁnd from Equations 3-5:

1N+

8
P ®

Hence, w can be separated into the TE and TM modes [1,3]. See
Section S2 of Supporting Information File 1 for details of its
derivation. Note that the energy density stays the same for both
. + \0.25
rotational cases Flzgure 2a sl;ows the energy density (wa)
(1+‘G +m2/p plotted against
= kR = 5 for m = 0,1,2,3,4. Here,

is plotted instead of WTE scaled for better contrast.

with WTE = ‘F "
p = kr = wr/c with R,
0.25
(w7 )
For readers comfortable with the un-scaled WTE, its plot is
provided in Section S2 of Supporting Information File 1, in
which it turns out that W%E is hard to read due to its widely
varying magnitude over p especially for m = 2,4. In addition,

consider the "helicity" o and "chirality"  [4]:
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1+|q|
2 Im[q exp(—2im6)} ©)
x= 5 .
1+|q|

Hence, o :1 x if exp(—2im0) = 1. The optical chirality is
—7(211)_ Im(E*' H), and it is evaluated to be C =%xC,Jf,
[12]. Here, the chirality coefficient is defined by

2 2 2
p

See Section S3 of Supporting Information File 1 for details. As

+ *
C:=N|F}

m

G

(10)

a result, a TE-TM hybrid mode is essential for a non-zero

chirality. As a reference, for the co rotational case we found
2 _ .

that C = L6C2 with CJ = (1+ + +m2/p2), which

G
is thus proportlonal to the energy density w in Equation 8 with

regard to the radial dependence.

EXTERIOR

(a)

p=k

EXTERIOR

. Loy VA
Figure 2: (a) Energy density (W-fE

. (b) The scaled coefficient
sgn(C5, LC,f1 ““ of the optical chirality C for the counter-rotational

case. Both are displayed against p = kr = w'r/c. The data are
Rp=kR=5and m=0,1,2,34.

Figure 2b displays the scaled coefficient sgn( )|C |02
which is quite similar to w in Figure 2a. One notable exception
is the curves with m = 1 at p = 0 in Figure 2, where w # 0 in
Figure 2a but C;‘; =0 in Figure 2b. With ¢ = |q|exp(i¢), q=

refers to axial components of the electric and magnetic fields
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being parallel, whereas ¢ = —1 denotes that the two are anti-
parallel. On the other hand, the two axial components are out of
phase for ¢ = +i [4]. In general, the chirality assumes 0-depen-
dent values, for instance, y = cos(2m0) for g = i from
Equation 9.

Figure 3 presents contour plots of the unscaled C in panel (a),
and the scaled sgn(C)|C|!> in the (kx,ky)-plane for the counter-
rotational case in panel (b). The data are R, =kR =1, m =3, and
q = i. The white region in panel (a) signifies extremely high
values of C. Most of the time the scaled values in panel (b) offer
a better overview. Because m = 3, the chirality pattern repeats
six times per revolution. We clearly observe an inhomogeneous
pattern in both radial and azimuthal directions [6]. See Figure
S3.1 of Supporting Information File 1 for the corresponding
chirality pattern for the co-rotational case, in which only a
radial inhomogeneity is observed. See also Figure S3.2 of
Supporting Information File 1 for the graphs of sgn(C)|C|"/* for
the counter-rotational case when m = 1.

Poynting vectors and trajectories

The Poynting vector is defined by PP = (2n)_1 Re (E “xH )
This formula is derived by averaging the energy flow over
one temporal cycle for a given frequency, and therefore it
applies to both rotational cases [21]. First, we express
proyn = pPoyng 4 pPoynge . pPOY - in terms of the field
vectors provided in Equation 1 and Equation 2. Second, the
resulting formulas are treated in terms of their solutions via
Equations 3-5 as follows:

2
PrPoyn =§N2 +|qz| Fi

pr 2Im(Gi) (in

l+|q|

2
Jor —
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2
PPoyn_"i N2 &lgl” m) .p
—7—2: ml| > (12)
l+|q| p
+
pPoyn _ L Mg . (13)
z 2 m +
P Im(G;l)

See Section S4 of Supporting Information File 1 for a detailed
procedure. For both rotational cases, the radial components
remain the same as in Equation 11. That is the centrifugal forces
remaining the same for both co-rotating and counter-rotating
particles [3,18].

In the numerator N2 + |g|? of of Equation 12, N + |¢|* and N? —
lg|? refer to the co- and counter-rotational cases, respectively.
As a result, PQPOyn =0 if |g| = N from Equation 12 for the
counter-rotational case, whereas PGPOyn >0 for the co-rota-
tional case. It is quite natural that the counter-rotational propa-
gations of the TE and TM modes could cancel each other in the
azimuthal direction, if the magnitude of their coupling constant
|g| is equal to the ratio of the dielectric constants N. However,
according to Equation 7, the special condition |g| = N does not
hold true to both interior and exterior if N # 1.

For PZPoyn in Equation 13, the last factors Re(G;,‘;) and
Im (G,i) refer to the co- and counter-rotational cases, respec-
tively. As shown in Figure S1.1 of Supporting Information
File 1, we know that Im(G,; =0 in the interior, whereas
Im (G:,rl) # 0 in the exterior. As a consequence, for the counter-
rotational case, PP™ = PPOY™ = () in the interior, whereas they

are non-zero in the exterior. For the co-rotational case, PZPOyn

Figure 3: (a) A contour plot of the optical chirality C. (b) A contour plot of the scaled optical chirality sgn(C)|C|"/5. Both are plotted in the (kx,ky)-plane
for the counter-rotational case. The data are R, = kR =1, m = 3, and q = i. We have used the commercial software Mathematica® for drawing these
figures so that both negative and positive saturated values are forced to take on the same white color in panel (a). However, one can easily identify

the corresponding proper signs from panel (b).
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does not vanish both in the interior and exterior, since
RegyG“,i # 0 for all p in general. In addition, it is clear that both
P,P and Pepoyn are separable into their correspnding TE and
TM modes.

A set of additional characteristics is observed. First from
Equation 12 and Equation 13, it is seen that PeP oyn _ pPoyn _
for m = 0, namely, if the state is azimuthally stationary. Second,
all the components vanish as p — 0 except if m = 0. It is
because F,;(O) #0 for m = 0, whereas F,, (0) =0 for m > 0.
Therefore, there is zero intensity or a phase singularity at the
coordinate origin for m > 0 [2]. Third, the role of the helicity ¢
defined in Equation 9 remains the same for both rotational
cases. In other words, ¢ indicates how strong the helical motion
is. Lying in the direction normal to the wave propagations,

PP is certainly indicative of spins.

Through (EPOW,%POW,};POW provided in Equations 11-13,
the trajectories traversed by the PVs are easily expressed in
terms of (F,,i,,G,i) as a function of p [22]. First, consider
the interior for the counter-rotational case, where
pPoYM — pPOYM — ) Taken together, the PV flows make two-
dimensional circular patterns infinite times [22], according to
the trajectory m(0 — 0¢) = c(t — tp) with (0, fy) constant.

Now consider B,Poy“pde = PePoyndp based on Equation 11 and
Equation 12, which reads as follows in the exterior:

1
do m

d6_ om0
5 Fm(en) |

(14)
N +|gf

Here, the upper and lower expressions correspond respectively
to the co- and counter-rotational cases. With initial condition
0 =0 at R, = kR = 1, we then numerically integrate Equation 14
to obtain 0(p). Note that 6(p) depends strongly on |g|. Figure 4a
shows the resulting In(6/2m) versus n'p = n*kr. We thus find
that In(0/27) increases sharply with p for short distances with
p > kR. Thereafter, In(6/27) approaches a certain limit at a fast
rate as p — oo. Besides, Equation 14 indicates no dependence
on |q| for the co-rotational case. Next, consider
P,.Poynd(kz) = Pzpoyndp in the axial direction on the basis of
Equation 11 and Equation 13, which reads

dlkz) 2 N m A W
- =1 . (s
B 5 m(ez) 09

Re (G

S H

S+
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Here, the upper and lower expressions correspond respectively
to the co- and counter-rotational cases. With the initial condi-
tion z(R,) = 0, Equation 15 is analytically integrated to show
helical trajectories for the co-rotational case as fully discussed
in [23]. In contrast, for the counter-rotational case Equation 15
is integrated to produce (kz) oc In (5) so that the axial distance
increases monotonically with p for mIm(g) > 0. Figure 4b
shows (kz) versus p = kr in conformance with the logarithmi-
cally increasing trajectories. Both panels of Figure 4 show
clearly increasing displacements in both azimuthal and axial
directions with higher values of m. As regards the dependence
on ¢ in Equation 15, ¢ = +i4, with 4 being a generic real
constant, give a pair of trajectories of opposite helical direc-
tions, left-handed for ¢ = +i4, and right-handed for ¢ = —iA4.
This feature makes a basis on which to sense and possibly sort
out enantiomers [5,10,12].

10 i
Tln[@ﬁﬂ'} m=5 |
a-(* ;
. (@ |
¢ |
2l m=3 i
o p=k
(_,’ 2 —>3
m—‘._‘____l_ - :
—2f !
wei 0% p=lo
-4t ! 1 2 — 3

Figure 4: (a) The angle In(6/2). (b) The axial displacement |kz|%-05
with g = i. Both are plotted versus p = kr> 1 in the exterior for
m=12345and Ry =kR=1.

Figure 5 displays one set of three-dimensional trajectories
in the (kx,ky,kz)-space. Figure 5a shows trajectories over
kR < kr =p <40 for Ry = kR =1 and m = 3. For visual aid, we
added a straight vertical line at (x,y) = (0,0) over 0 <&z <10 in
black color along with a circle of unit radius at &z = 10 in blue
color. Now the red curve is the trajectory for ¢ = i, whereas the
green curve is that for ¢ = 1. Incidentally, the latter curve is

just the projection of the former onto the xy-plane.

From the listed data for Figure 4a, the red curve for ¢ =i has a
value of 6/2n = 3.11 at p = 40. The green projected curve
reaches an asymptotic line as p — oo, as indicated by the angle
00 = 360° x mod(3.11,1) = 39.7°. The curve for ¢ = —i lies
below the xy-plane and is thus not shown. Figure 5b is a zoom-
in view of Figure 5a around the origin and the cylindrical axis,

which exhibits more clearly the helical trajectory (in red) and its
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HA‘,‘(

Figure 5: (a) Helical trajectories for the exterior in the (kx,ky,kz)-space.
Itis given that R, = kR =1 and m = 3. (b) A zoom-in view around the
Z-axis.

projection (in green) [3,9]. For the co-rotational case, we find
similar helical trajectories, which however exist in both interior

and exterior as can be inferred from Equation 13, see [23].

Angular momentum and spins

With the superscript "tot" referring to "total", we define the
vector P of the total energy flow density (FD) or total linear
momentum [3]:

_Im{lﬁ*x(wﬁ)éﬁ*

" - X(Vxﬁ)] (16)

It turns out that P is identical to the Poynting vector
prom = (2n) 'Re (E* x H ) in the dielectric media in either
Pt = PPy Moreover, P can be
decomposed into the orbital (canonical) FD PO (with the super-
script "O") and the spin FD P (with the superscript "S"). In
ptot — f,O + FS
Supporting Information File 1 [2-5,7], in which not only

interior or exterior, viz.,

other words, as proved in Section S5 of

Maxwell's equations but also several generic vector identities
are used. This equality holds true to both rotational cases.

The orbital FD is defined by
5 =(nk) [WET(V)E+e H - (V)H .
From the fact that the field variables are independent of z, we

easily deduce that P° = Pxoéx +
nents without the axial component PZO. For instance, its elec-

PyO éy has only in-plane compo-

tric-field contributions are found as follows with ()7,)7,?) =

nk(x,y,z).
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. . OE;
Ry (V)ElemI: ; a él}
nk p 0 ox;
L ; fy . Of, Je
1+|q| [ = Hal £ 2o | an)
) -~ f *6
[f fx y || fZJ
l+|q|

By this way, we go further to express (PxO,PyO) in terms of
(f2,h,) and its first- and second-order partial derivatives. See
Section S6 of Supporting Information File 1 for detailed deriva-

tions and the resulting formulas.

The next step is to find PO = P2¢, + B¢, in the polar coordi-
nates through the transformation from Cartesian to polar coordi-
nates. They are

2 2 2 2
N”+ 2
Pf’:l—|q2| FE[ m||GE [HT—ZJGi—'f . (18)
4 1+ P P
B =2 5|0t (19)
1+|q| p

This derivation of (PrO,PeO from (PXO,PyO
cated so that all the details are provided in Sections S7 and S8

) is rather compli-

of Supporting Information File 1. In particular, the even or odd
numbers of differentiations play significant roles in deter-
mining the resulting formulas [3,6]. Thus, we find in
Equation 18 that P,,O remains the same for both rotational cases.
In Equation 19 for Peo, the factors N2 + |¢|? refer respectively to
the co- and counter-rotational cases. It is interesting that
Peo = (m/ E)W for the co-rotational case, namely, the azimuthal
component of the orbital FD is (m/ﬁ)-times the energy density

w, the latter being defined in Equation 8.

As we have done for the Poynting-vector trajectories in
Equation 14 [6], we find the following trajectory in polar coor-
dinates from Equation 18 and Equation 19:

2 2
+ m
2 G,| +—+1
e mN2+|(I| "2
20)

dp P2 N2+ 2 2 ¢

q +|? m + m

| | m||G,, K + 1+ = Gm—B—3

The sign change in N2 + |g|? takes place only for Peo in
Equation 19, the orbital FD in the azimuthal direction. This sign
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change is related to the Coriolis force in the azimuthal direction,
when dealing with the vector Laplacian V27V in classical fluid
dynamics [18], where V =V,é, +Vyéy +V,é, is the velocity
vector. It is also related to the vector potential for the kinetic
momentum in the Hamiltonian, in which the light-matter inter-
actions lead to the quantized Landau levels in quantum
mechanics [19]. See Section S7 of Supporting Information
File 1 for details.

As with PrP o -, P,O =0 in the interior for the counter-rota-
tional case, as seen from the vanishing denominator of
Equation 20. It is because both Gy, and K. are real numbers in
the interior. As a result, the trajectories are just circular. In other
words, Equation 20 is valid only in the exterior with p > n*kR.
Figure 6 displays the trajectories of P° = P,Oér +P90ée in the
(kx,ky)-plane. All the trajectories are set to start at
(kx,ky) = (1,0) for which kR =1 is specified. Figure 6a shows
the co-rotational case in which there is no dependence on q.
Figure 6b shows the counter-rotational case with |g| = 1,
whereas Figure 6¢ shows the counter-rotational case with
|g| = 2.02. The inset between Figure 6b and Figure 6¢ shows the
counter-rotational case with |g| = 2. Since n~ = 2 (for a material
such as silicon dioxide) and n™ = 1 (vacuum), N = n /n" = 2.
Therefore, the value |g| = 2 delineates the neutral state without
any propagations in the azimuthal direction as shown by the
inset, where the trajectory is just a radial straight line emanating

from the starting point.

Figure 6a shows counter-clockwise rotations before reaching an
asymptotic azimuthal direction for the co-rotational case [23].
Figure 6b also shows counter-clockwise rotations before
reaching another asymptotic azimuthal direction for the
counter-rotational case. This counter-clockwise rotation is clear
from the factor N — |g|> = 22 — 12 = 3 > 0 in Equation 20. In

6 !
(a) M - (b)

3 e

e

—>

-6 -3 3 6 -6 -3

3 i

gl co-rotate i

6
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contrast, Figure 6¢ shows a less-than-one cycle clockwise rota-
tion before reaching yet another asymptotic azimuthal direction
for the counter-rotational case. This clockwise rotation is again
clear from the factor N2 — |g|? = 2% — 2.022 = —0.0804 < 0 in
Equation 20. Figure 4 of [3] will be a good reference as regards
such axonometric projections. The red circle of a unit radius on
Figure 6¢ indicates the position of the thin layer between the
interior and exterior. From the position of this unit circle, we
can tell where the starting circles are situated in both Figure 6a
and Figure 6b. It appears in particular on Figure 6a that the
initial portions of the trajectory cross this unit circle several
times. But, these crossings result from the coarse integration
steps taken by the commercial software Mathematica®, which

we have used for all computations.

The angular momentum (AM) O is defined to be the cross
product of a position vector 7 =re, +ze, with the linear
momentum P [3,4]. For the orbital part, P = PO, + PLé,,
thereby giving rise to 00 =7 x PO =—zPQ¢é, + zPO%y + rRPé..

Let us turn to the spin §E%Im(u71E* xE+e '\H xH) for
which the spin flow density (FD) is defined by
1305 E%(nk)_l VxS. As derived in full details in Section S9 of
Supporting Information File 1, the three components
S =8,6,+Spé+S.6, are found as follows:

o| 1 2
Sr:{ }X—NF; Im(G:,—;), @1)
x| 2
2
B GLNQF,:;r
SO_ 2 P P (22)
0
6

i 3

! =

i 3 6

| f3 Jg|=2.02

i counter-
rotate i 6 rotate

Figure 6: Trajectories of PO = P,Oé, JrPeoée in the (kx,ky)-plane. (a) The co-rotational case. (b) The counter-rotational case with |g| = 1. (inset) The
counter-rotational case with |g| = 2. (c) The counter-rotational case with |g| = 2.02.
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In each component, the upper and lower parts refer to the co-
and counter-rotational cases, respectively. First, S, in
Equation 21 for both rotational cases appears to be very similar
except for the multiplying factors ¢ and y for the co- and
counter-rotational cases. From their definitions in Equation 9,
the difference between o and y is the difference between the
factors Im(g) and Im[q exp(—2im0)] with the latter being depen-
dent on 0. Figure 7 presents a density plot of the scaled spin in
the radial direction sgn(S,)|S,|'/ in the (kx,ky)-plane in the case
of a counter-rotation. The data are R, =kR=1,m =3, and g = i.
Because m = 3, the chirality pattern repeats six times per revolu-
tion. We clearly observe an inhomogeneous pattern in both
radial and azimuthal directions. In the interior, we have simply
S, = 0 as seen from the zero level in Figure 7. In the exterior,
not only Im(g) # O but also the spatial inhomogeneity of
|F,Z (5)|2 as given in Equation 8 are required for S, # 0 because
of the factor Im(G;;) in Equation 21 [4].

0.4

0.2

fx —

Figure 7: A density plot of the scaled spin in the radial direction
sgn(S)IS/"® in the (kx,ky)-plane in the case of a counter-rotation. The
dataare R, =kR=1,m=3,and g =1.

Second, Sy :%GN(m/§)|F,f|2 for the co-rotational case, thus
being non-zero in general. But, it is surprising that Sy = 0 for the
counter-rotational case in both interior and exterior. To check
this fact, one needs to carefully follow the steps presented in
Section S9 of Supporting Information File 1. The fact that
Sg = 0 for the counter-rotational case is quite understandable
from the perspective of the mixed nature of this component.
However, we also find it still curious, because the two counter-

rotating waves are neither of the same magnitude nor of the
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same phase in general. In other words, any signature of counter-
rotations annihilates the spins in the azimuthal direction, no
matter what the relative strength of the counter-rotating fields is
[3,6]. As a consequence, the azimuthal component of the spin
vector is indicative of whether the TE and TM modes are mixed
up or not. This fact gives us a possibility of harnessing the
azimuthal spins as binary on-off states rather than continuous
signals, with the pair of rotational directions serving as a tuning

parameter.

Third, S, for the co-rotational case has the factor N2 + |g|2,
whereas S, for the counter-rotational case has the factor
N2 — |g[2. This fact is similar to the case with B, ", the
azimuthal component of the Poynting vector, listed in
Equation 12. In fact, S, is closely related to f%POyn through
pPo O 4+ BS and P° E%(kn)_Iin Focusing on the
counter-rotational case, we notice that the helicity-dependent
radial components S, is not separable into the TM and TE
modes due to the non-rectilinear in-plane propagations [4],

whereas the axial spin component S, is separable.

We define the normalized spin S / w per photon [3]. For a better
viewing, we then introduce scaled parameters, for instance,
S, = sgn(Sr)|Sr/w|l/4. Figure 8 presents such scaled parame-
ters (S'r,S'e,SZ) over 0 <p = kr<4with R,=kR=1and m=3.
In particular, we provided a non-trivial coupling g = (1 + i)/\2.
Furthermore, we set exp(—2im0) = 1 in Equation 9 for conve-
nience so that 6 = 3. We find then through numerical computa-
tions that |S,| < w and |S,| < w [1]. The average spin
Savg =1 [%(Srz + Sg + SZ2) <w is plotted as the green curve. All
the curves in Figure 8 display discontinuities in the radial
profiles across the thin layer. From Equation 23, it follows that
S.(p) = 0 in the interior for the counter-rotational case, because

0.5
'DDE'_ ﬁz
Ik \ - > 3 — 4
5 e
: ! .
_'D5 HTERIDRE EXTERIOR _—
| eeeeee S

-1.0:

Figure 8: Spin components S,,SS,SZ) for the counter-rotational case
plotted over 0<p = kr<4form=3, RpEkﬁ: 1,and g = (1 + i)N2.
The scaled variable is S, =sgn(S, )|S, /w|/ , for instance.
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N =1 from Equation 7 and |¢q| = 1. In comparison, S,(p) <0 in
the exterior. These sudden jumps in the spin components take
place due to the thin layer [2], where excitations are supplied. It
is obvious that S,y is larger in the co-rotational case than that
of the counter-rotational case due to Sg(p) = 0 for the counter-
rotational case. See Figure S9.1 of Supporting Information
File 1 for the graphs of (S',,,S'G,S'Z) for the co-rotational case.
Figure S9.2-9.4 of Supporting Information File 1 provide
further results from parametric studies.

Meanwhile, the spin flow density (FD) is readily computed
from PS=P"'_PFO. Because P'"'=P* and F°=pO¢ +ROé,
PS = (PPow P,f’) 6.+ (Pe" oy _ Peo)ée + PP [4,5]. There-
fore, PZPOyn is unique to the spin FD. The spin vector is related
to the spin FD through P z%(kn)_lvx S with k= w/c. As a
result, V - pS =0, and the in-plane spin vector S.e, +Sypéq
contributes to PS = PO = PP Similarly to the orbital
FD, we can formulate the spin AM QS =7xP> to be

05 =—zPSé, + (ZP,S - rPZS)ée +rBSe. [31.

Discussion

For a good part of this study, we have seen the ubiquitous role
of Im(q) through both helicity 6 = 2(1 + |¢|?)”! Im(g) and
chirality x = 2(1 + |¢*)”! Im[q exp(—2im®)] in Equation 9. We
summarized the behavior of the Poynting-vector (PV) trajecto-
ries in Figure 9. Figure 9a is drawn on the basis of Equation 14
and Equation 15 for the co-rotational case, as fully discussed in
[23].

(a) co-rotate (b) counter-rotate

ﬁl‘m(g) >0

D |

— Im(g)>0

< _____ > _____

|

1m(g) <0 Im(_g:]czou

Figure 9: Schematic for the Poynting-vector flows. (a) Co-rotational
case. (b) Counter-rotational case. Spin sifters can be devised
according to the helicity o.

Similarly, Figure 9b is drawn on the basis of Equation 14 and
Equation 15 for the counter-rotational case. Figure 9b can be

inferred from Figure 5 as well. In particular, it is noteworthy
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that in the interior there are PV flows for the co-rotational case
in Figure 9a, but there are none for the counter-rotational case
in Figure 9b. In comparison, there are PV flows in the exterior
for both rotational cases. However, there are certain asymptotic
limits on the axial levels for the co-rotational case as indicated
by the sharply turning arrows in Figure 9a. See [23] for detailed
discussions for the co-rotational case. In contrast, the ever-
progressing levels in Figure 9b indicate either a logarithmic
increase or a logarithmic decrease of the axial displacements for

the counter-rotational case.

In Figure 9, helical transports along the PV trajectories are
hidden behind all the thick arrows. In the exterior in both
panels, the PV of photons with /m(q) > 0 flows axially on one
axial side (blue colors). On the other hand, the PV of photons
with Im(q) < 0 flow outward on the opposite axial side (red
color). As a consequence, we could activate spin sifters for
photons, if proper means for collecting photons are placed at
appropriate locations and directions. Presumably, such spin
sifters are more efficient for the co-rotational case than for the
counter-rotational case, because of the fixed asymptotic axial
levels for the co-rotational case. If enantiomers are transported
along such PV trajectories, there is a possibility of their being
sorted out according to the helicities, namely either upward or
downward.

This pair of multiplying factors N? = |¢|? correspond roughly to
the two extreme cases of the coupled SRR dimers [10] for
which the twist angle serves as something like g. It is more
interesting that the Lagrangian energy for the electric mode
changes its sign as %|g|? for the TE mode, whereas the
Lagrangian energy for the magnetic mode stays the same as in
N2. Consider further the following ratio in its original dimen-

sional terms:

W2 alef oo e
2 2 ~1 2 -1 2 24)
N +|q| € |HZ| +u |EZ|

As a result, if we measure the azimuthal component PeP oY in
Equation 12 of the PV in both rotational cases, we could infer
the magnetic energy & '|H,|2 from the measurable electric
energy p!|E,|2. This idea can be traced back to the concept of
the Stokes parameters [17]. In addition, because we have solved
the Maxwell's equation self-consistently by use of the functions
F: (ﬁ), G,i (E), and K (ﬁ) in Equations 3-6, not only the
dipoles but also all the higher-order multipoles have been taken
into account [10]. In addition, the recurrent appearances of the
gradient functions G,ﬁ (E) and K,ﬁ (E) in many places so far
corroborate the importance of the spatial inhomogeneity of the

structured light.
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There is a difference between the artificially structured metama-
terials (ASMs) [7] and our artificially structured light (ASL)
[6]. In the case of ASM, artificial meta-atoms are fabricated and
then put into arrays or clusters, thus forming meta-molecules. In
contrast, our ASL in the sense of artificial operating states could
be generated from within the thin annular cylindrical zone as in
Figure la. The thin annular zone may have to be in turn
composed of artificially structured (meta)materials with optical
gain. Let us count how many levels of key parameters we have.
First, the coupling constant g accounts for the TE and TM
modes. Second, the signs in front of +m and —m account for the
co- and counter-rotations. Third, |m| accounts for the rotational
strength. Fourth, the superscripts + and — account for the
interior and exterior, which refers essentially to a spatial inho-

mogeneity. Roughly speaking, we have thus a four-level system

[6].

For the counter-rotational case, the disappearance of the
azimuthal component of spins Sq = 0 in Equation 22 was unex-
pected. We have checked all the details leading to its derivation
in Section S9 of Supporting Information File 1 multiple times.
To further validate our theoretical results, let us consider a
differential counter-rotational case, where the TE and TM
waves obey their respective propagation factors as follows.

TE: exp[i(—le—(ot)]
™™ : exp[i(me—cot)]' @

Here, /,m > 0 are integers. In words, the TE waves rotate clock-
wise, whereas TM waves rotate counter-clockwise. The fields
variables in Equation 1 and Equation 2 are appropriately
modified by employing (fre"me,feeime,quefﬂe) and

—ile’qhee—ile’hzeime

parts. In addition, there is one more correction to one of the two

(the instead of their respective counter-
Maxwell’s equations, namely, inf =V, x E that involves the
space derivatives of the electric field. Once more, all the details
for this portion are provided in Section S10 of Supporting Infor-
mation File 1. We thus end up with the corresponding azimuthal
component of spins as follows:

Fi

m

1 m—lN

1
Sy =+ -
0 21+|q|2 )

2 .
Im (qe—l(m+l)9 ) ) 26)

For the counter-rotational case with the same magnitudes of the
angular speeds, viz., / = m, we hence recover Sg = 0. It is rather
hard to find the difference m — [ in the azimuthal mode indices
in various formulas for the photon spins in [3]. See, for
instance, Equations (3.39) and (4.9) of [3], although their treat-

ments proceed mostly in the paraxial approximation.
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Conclusion

To conclude, we examined coupled TE and TM waves, which
are driven by the dynamics within a thin layer. We focused here
on the two waves propagating in counter-rotations, thus
revealing various wave characteristics such as both spin and
orbital parts of angular momentum. In comparison to our
previous results for the co-rotating waves, the enhancements
and annihilations caused by the counter-rotations show up in
different ways depending on various wave characteristics. In
turns out that the azimuthal spin can serve as a probe into the
chiral property of photons depending on the co- or counter-rota-
tions. The concept of spin sifters envisaged by the trajectories
of the Poynting-vector flows is also differently interpretable

depending on the mutual rotational directions.

Supporting Information

Some of the necessary formulations have already been
presented in our preceding study on the co-rotating EM
waves [23]. Therefore, in this Supporting Information we
present all the detailed solutions not only for the
co-rotational case but also for the counter-rotational case.
Therefore, we hope that our article is self-consistent
without reference to [23].

Supporting Information File 1

Mathematical derivations.
[http://www.beilstein-journals.org/bjnano/content/
supplementary/2190-4286-5-199-S1.pdf]
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