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S2 

S1. Mean-angle condenser  

       The X-ray microscope condenser is a truncated glass capillary that acts as an ellipsoidal mirror. The X-ray source 

is situated at the left focus of the ellipse (the entrance focus) and the sample is situated at the right focus (the exit 

focus). A central aperture stop blocks zero-order illumination of the zone plate and leads to illumination of the sample 
over an annular range 0.83–1.18°, as determined by the geometry of the truncated ellipse (Figure S1a).  

 

Figure S1: a.) Shown is the ellipsoidal mirror (which is a small segment of the full ellipse) used to focus light onto the sample (gold 
nanosphere) through an annular range spanning the minimum (green) to maximum (purple) polar angles of illumination (diagram is 

not to scale). These angles can be determined from the edges of the mirror (numbers shown are mm). 𝜃𝑚𝑎𝑥 =
𝑎𝑟𝑐𝑡𝑎𝑛(0.53/25.7)  =  1.18° and 𝜃𝑚𝑖𝑛 = 𝑎𝑟𝑐𝑡𝑎𝑛(0.75/51.7)  =  0.83° . b.) A simplified model for the ellipsoidal mirror is given by 

illumination at a single polar angle, 𝜃𝑚𝑒𝑎𝑛 = 1.01°, which is the mean of 𝜃𝑚𝑎𝑥  and 𝜃𝑚𝑖𝑛 .  

 

       The pc-PWE and pc-Mie models assume a mean polar angle of illumination (Figure S1b). This mean polar angle 

is given by the mean of the angular range of the condenser 𝜃𝑚𝑖𝑛 = 0.83° to 𝜃𝑚𝑎𝑥 = 1.18°, yielding 𝜃𝑚𝑒𝑎𝑛 = 1.01°. 
The ellipse geometry can then be used to determine the distance 𝑠 of this mean-angle plane from the ellipsoidal-mirror 

exit focus and the height 𝑦0 of the ellipsoidal-mirror circumference in this mean-angle plane (Figure S2). 
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Figure S2: Shown is a cross-section of the prolate ellipsoid from which the truncated ellipsoidal-mirror condenser is derived. The 

major and minor axes are given by 𝑎 = 4875 mm and 𝑏 = 5.16 mm respectively, and the distance from the center of the ellipse to a 

focus is given by 𝑐 = √𝑎2 − 𝑏2. The simplified mean-angle condenser is defined by the ray from the edge of the ellipse at (𝑥0, 𝑦0 ) to 

the ellipse’s exit focus which makes an angle 𝜃𝑚𝑒𝑎𝑛 = 1.01° with the optical axis (See Figure S1b). 𝑦0 therefore corresponds to the 

radius of the simplified mean-angle condenser. Finally, note that 𝑠 is the in-focus distance along the optical axis from the mean-angle 
condenser plane to the exit focus where the sample is located. To define the geometry of this simplfied annular condenser for future 

calculations we must determine 𝑠 and 𝑦0 . These can be obtained using the fact that the point (𝑥0, 𝑦0 ) lies on the ellipse and therefore 

must satisfy the equation for the ellipse 𝑥 2 𝑎2⁄ + 𝑦2 𝑏2⁄ = 1. Substituting 𝑦0 = 𝑠 ∗ 𝑡𝑎𝑛𝜃𝑚𝑒𝑎𝑛  and 𝑥0 = 𝑐 − 𝑠 , leads to a quadratic 

equation for 𝑠 whose solution is: 𝑠 = (−𝐵 + √𝐵2 − 4𝐴𝐶) (2𝐴)⁄ , where 𝐴 = 𝑏2 + 𝑎2𝑡𝑎𝑛2𝜃𝑚𝑒𝑎𝑛 , 𝐵 = −2𝑏2𝑐, 𝐶 = −𝑏4. Using the values 

above for 𝑎, 𝑏 and 𝜃𝑚𝑒𝑎𝑛  leads to 𝑠 = 34.87 mm and 𝑦0 = 0.62 mm. The circumference of the condenser in the mean-angle plane is 

therefore 2𝜋𝑦0=3896 m. 

S2. Plane-wave model of the condenser 
 

       The ellipsoidal mirror condenser can be modeled as a lens that produces a converging spherical wave and then a 

plane-wave model for this lens can be obtained by calculating the angular spectrum of the field produced by the lens. 

The focal length for the lens is equal to the distance 𝑠 along the optical axis between the condenser focal point and the 

mean condenser plane (corresponding to an illumination angle of 1.01° (Figure S1b)). This focal length 𝑠 can be 

calculated geometrically, leading to 𝑠 = 34.87 mm (Figure S2). The central stop in the condenser is incorporated into 

the lens model as an annular aperture whose angular range matches the range of the actual condenser opening, namely 

from 𝜃𝑚𝑖𝑛 = 0.83° to 𝜃𝑚𝑎𝑥 = 1.18°. To achieve this angular range at a distance 𝑠 from the condenser, the minimum 

and maximum radii of the annulus for the lens model must satisfy 𝑅𝑚𝑖𝑛_𝑙𝑒𝑛𝑠 = 𝑠 tan 𝜃𝑚𝑖𝑛 = 0.51 mm   and 

𝑅𝑚𝑎𝑥_𝑙𝑒𝑛𝑠 = 𝑠 tan 𝜃𝑚𝑖𝑛 = 0.72 mm. 

       This leads to the following equation for the condenser field produced by the condenser lens model [1]: 

 

  𝑈𝑙𝑒𝑛𝑠−𝑚𝑜𝑑𝑒𝑙 (𝑟) ∝ ∫ 𝐽0

𝑅𝑚𝑎𝑥
𝑙𝑒𝑛𝑠

𝑅𝑚𝑖𝑛
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(
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𝑠
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𝑟
𝐽1 (
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𝑠
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𝑟
𝐽1 (

𝑘𝑟𝑅𝑚𝑖𝑛_𝑙𝑒𝑛𝑠

𝑠
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with 𝑅 the radial coordinate in the mean condenser plane, and 𝑟 the radial coordinate for the in-focus condenser spot 

in the specimen plane. 

       The plane-wave angular spectrum of the field 𝑈(𝑟) for the annular lens model is given by its Fourier transform. 

In a cylindrical coordinate system, this yields 
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𝐸̂(𝜃) = 2𝜋 ∫ 𝑈(𝑟)𝐽0(𝑟𝑘𝑟 )
∞

0

𝑟𝑑𝑟 = 2𝜋 ∫ 𝑈(𝑟)𝐽0(𝑟𝑘 𝑠𝑖𝑛 𝜃)
∞

0

𝑟𝑑𝑟 
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where 𝐸̂(𝜃) is the angular spectrum as a function of the azimuthal illumination angle 𝜃 of the component plane wave. 

The 𝜃 dependence arises through the radial component 𝑘𝑟  of the wave vector 𝑘, where  𝑘𝑟 = 𝑘 sin 𝜃.  In practice, the 

upper limit of infinity in the integral was replaced by a radial distance at which the field 𝑈(𝑟) is very close to zero 

(𝑟𝑚𝑎𝑥 =100 m was used for the calculations in Figure S3). 

 

Figure S3: Equation (S2) was used to compute the angular spectrum of plane waves for the field produced by the annular lens model 

of the ellipsoidal mirror (Equation (S1). The resultant angular spectrum shows that the field can be described as a sum of plane waves 

of equal magnitude at the series of polar angles defined by the ellipsoidal mirror (0.83–1.18°). This provides a justification for using a 
plane-wave model for illumination of the sample. Note that we used a simplified version of this model that considers only a plane wave 

at the mean polar angle of illumination. 

 

S3. Extension of the Mie theory to oblique plane waves 

       To account for a plane wave that forms a polar angle 𝜃 oblique to the optical axis, we developed a simple, 
geometrical extension of the Mie theory which is based on a non-oblique plane wave, namely a plane wave orthogonal 

to the z axis.  

       An oblique plane wave is always parallel to a series of oblique planes which intersect the zone plate plane, and 

Mie theory holds on each of these oblique planes (Figure S4a). The geometry described in the legend to Figure S4a 

enables calculation of the angle 𝜓𝑀  between two sides 𝑅 and 𝑅𝑀 of a triangle defining points where the conventional 

Mie theory holds, and therefore the scattered wave 𝑆𝜃(𝑥′, 𝑦′) at any point (𝑥 ′, 𝑦′) in the zone plate arising from an 

oblique plane wave striking the sample at the polar angle 𝜃 can be calculated: 

 

𝑅 = (𝑐𝑜𝑠𝜃)(𝐷 − 𝑦′𝑡𝑎𝑛𝜃) , 𝑅𝑀 = √𝐷2 + 𝑥´2 + 𝑦´2,  
 𝜓𝑀 = 𝑐𝑜𝑠−1(𝑅 𝑅𝑀⁄ ), 𝑆𝜃(𝑥′, 𝑦′) = 𝑆(𝜓𝑀)  

(S3) 
 

        

       As expected, when the illuminating plane-wave is not tilted (𝜃=0°), the scattered field produced by the nanosphere 

is centered in the zone plate. When the illuminating plane wave is tilted (𝜃=1°), then the scattered field is shifted 

downward in the direction of the tilt (Figure S4b). 

       Thus the scattered field takes the form 𝑈𝑆𝑊
𝑧𝑝 (𝑥 ′, 𝑦′, 𝑧) =

𝑆𝜃(𝑥′,𝑦′)

−𝑖𝑘
(

𝑒𝑥𝑝(𝑖𝑘𝑅𝑀(𝑧))

𝑅𝑀(𝑧)
), where 𝑅𝑀  is a function of 𝑧 

through the distance 𝐷 = 𝑅𝑓 − 𝑧 between the nanoparticle and the zone plate, yielding Equation 11 in the main text. 

The plane wave field is obtained by noting that the phase of the oblique plane wave when it strikes the zone plate is 

given by the distance traveled 𝑅 in Equation (S3) producing the field 𝑒 𝑖𝑘𝑅 corresponding to Equation 10 in the main 

text. 

 



S5 

 
Figure S4: a.) Calculation of the Mie scattered field in the zone-plate (zp) plane due to an oblique plane wave at a polar angle 𝜃 to 

the optical axis (𝑧). The gold nanosphere is situated at a distance 𝐷 from the zone-plate (zp) objective plane, which is described by 

Cartesian coordinates (𝑥 ′, 𝑦′), where the 𝑥 ′ axis is perpendicular to the page. Conventional Mie theory holds in the green Mie plane, 

and the scattered field there can be calculated as a function of the angle 𝑀 and the distance 𝑅𝑀. This Mie plane intersects the zone-

plate plane along a line perpendicular to the page (the 𝑥 ′ direction) running through the green star, and so the conventional Mie theory 

applies along this line. To compute the scattered wave over the full zone plate, the distance 𝑅 from the nanosphere to the Mie plane 

is changed to generate for each value of 𝑦′ , a complete range of 𝑥 ′ values for the scattered wave. b.) Shown is the magnitude of the 

scattered wave 𝑆𝜃(𝑥’, 𝑦’) as calculated by the oblique Mie theory for a 63.2 nm gold nanosphere imaged at 510 eV for both a non-tilted 

(𝜃=0°) and a tilted plane wave (𝜃=1°). This magnitude is calculated at a distance of 938 m from the nanosphere corresponding to 
the in-focus location of the soft TXM at 510 eV, and over a circular domain corresponding to the 25 nm zone-plate dimensions 

(45.337 m). Note the downward shift along 𝑦′  of the image when the illumination plane wave is tilted in the 𝑦′ direction (𝜃=1°). 

 

S4. Simplification of the Mie theory to the anomalous diffraction approximation (ADA) for 

60 nm gold nanospheres imaged with 2.4 nm light  

       Under certain conditions, the Mie theory for the scattered field 𝑺(𝜓) = (𝑆1(𝜓), 𝑆2(𝜓)) reduces to a scalar theory 

known as the anomalous diffraction approximation (ADA) [2,3]. When anomalous diffraction applies, 𝑆1(𝜓) =
𝑆2(𝜓) = 𝑆𝐴𝐷𝐴(𝜓), with the scattered field given by the much simpler expression:  

𝑆𝐴𝐷𝐴(𝜓) = 𝑘2 ∫ (1 − 𝑒2𝑖𝑘(𝑛−1)√𝑎2−𝜉2
)

𝑎

0

𝐽0(𝑘𝜉𝜓)𝜉𝑑𝜉 

  
(S4) 

 

where 𝜓 is the scattering angle from the nanosphere to a point on the zone plate,  𝜉 is the radial coordinate in the 

nanosphere and 𝐽0  the Bessel function of the first kind. This equation reflects the sum of the optical path length along 

different rays parallel to the 𝑧 axis passing through the nanosphere relative to rays passing outside the nanosphere [2]. 

(Note that Equation (S4) has been modified from [4] by changing 𝑖  to - 𝑖, since the Mie and ADA use alternate 

conventions for the plane wave, 𝑒 𝑖𝑘𝑧 vs 𝑒−𝑖𝑘𝑧 respectively).  

       The preceding simplification for the scattered wave arises when the refractive index of the sphere is close to one, 

and the size of the sphere is much larger than the wavelength, conditions which should hold for soft X-ray imaging of 

the 60 nm nanospheres. To test this directly, we computed 𝑆1(𝜓), 𝑆2(𝜓) and 𝑆𝐴𝐷𝐴(𝜓) for a 60 nm – diameter gold 

nanosphere and verified that 𝑆1(𝜓) = 𝑆2(𝜓) = 𝑆𝐴𝐷𝐴(𝜓) (Figure S5). This demonstrates that the scalar anomalous 
diffraction theory applies to soft TXM imaging of the gold nanospheres examined here.  



S6 

 
Figure S5: For 60 nm gold nanospheres imaged with 2.4 nm light, the scattered fields calculated by Mie theory 

(𝑆1(𝜓), 𝑆2(𝜓)), by the anomalous diffraction theory (𝑆𝐴𝐷𝐴(𝜓)) and by the eikonal approximation (𝑆𝐸𝐴(𝜓)) are all 

equivalent. 

  

Finally, note that for all the calculations in this study, we typically computed 𝑆1(𝜓) using the Mätzler Matlab code 

for the full Mie theory, but as demonstrated here, we could have also calculated the value for 𝑆2(𝜓) or 𝑆𝐴𝐷𝐴(𝜓) since 

all are equivalent. 

 

S5. Equivalency of the Mie theory and the parabolic wave equation (PWE) for 60 nm gold 

nanospheres imaged with 2.4 nm light  

       Our model uses Mie theory to propagate light through the nanosphere, and this has the advantage that the result 

is an exact solution to Maxwell’s equations. However, for more complex samples, Selin et al. [5] have instead used 

the parabolic wave equation to propagate light through the sample. Here we show for the case of the 60 nm gold 

nanospheres that the parabolic wave equation produces a solution that is essentially identical to that of the Mie theory.  
  For a spherical particle, the parabolic wave equation written in cylindrical coordinates is: 

 
𝜕𝑈(𝑟, 𝑧)

𝜕𝑧
=

𝑖

2𝑘
(∇2

𝑟 + 𝑘2(𝑛2(𝑟, 𝑧) − 1))𝑈(𝑟, 𝑧) 
 

(S5) 

 

where the complex refractive index 𝑛 = 1 − 𝛿 + 𝑖𝛽  for 𝑟 ≤ 𝑎  and 𝑛 = 1 for  𝑟 > 𝑎 . After rearrangement, this 

becomes: 

(𝛻2
𝑟 + 2𝑖𝑘

𝜕

𝜕𝑧
) 𝑈(𝑟, 𝑧) = 𝑊(𝑟, 𝑧)𝑈(𝑟, 𝑧) 

 

(S6) 

 

with 𝑊(𝑟, 𝑧) = 𝑘2(1 − 𝑛2(𝑟, 𝑧)). This equation is the time-independent Schrödinger equation with 𝑊(𝑟, 𝑧)  the 
reduced potential. It has been used to investigate not only the non-relativistic scattering of a particle by a potential 

whose size is of length 𝑎, but also light scattering by a sphere of radius 𝑎 subject to the reduced potential 𝑊(𝑟, 𝑧) =
𝑘2(1 − 𝑛2(𝑟, 𝑧)) determined by the wavelength of light and the sphere’s refractive index. 

       When the 𝛻2
𝑟 term is small compared to the other two terms in Equation (S6), then it can be ignored, and the 

resulting partial differential equation can be easily solved. This approximation is known as the eikonal approximation, 

and in the case of light scattering it is valid when the wavelength is small relative to the diameter 2𝑎 of the sphere, 

and when the magnitude of the complex refractive index is close to one. Note these are the same two conditions which 

are also required for the Mie theory to be approximated by the anomalous diffraction approximation.  

       For the case of light scattering in the eikonal approximation, the solution of the first-order partial differential 

equation for the field is given by [6]:  

𝑈(𝑟) = 𝑒𝑥𝑝(𝑖𝑘𝑧) +
𝑆(𝜓)

(−𝑖𝑘)
[
𝑒𝑥𝑝(𝑖𝑘𝑟)

𝑟
] 

 

(S7) 
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with the scattering amplitude: 

𝑆𝐸𝐴(𝜓) = 𝑘2 ∫ (1 − 𝑒 𝑖𝑘(𝑛2−1)√𝑎2−𝜉2
)

𝑎

0

𝐽0(𝑘𝜉𝜓)𝜉𝑑𝜉 
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By comparing Equation (S8) with Equation (S4), we see that the solution for the field in the eikonal approximation 

derived from the parabolic wave equation is nearly identical to the solution for the field in the anomalous diffraction 

approximation derived from the Mie theory, except the exponential term 𝑛2 − 1 in the scattering amplitude 𝑆𝐸𝐴(𝜓) in 

the eikonal approximation becomes 2(𝑛 − 1) in 𝑆𝐴𝐷𝐴(𝜓) in the anomalous diffraction approximation. Note that these 

two terms are effectively equal as can be seen by expanding 𝑛2  and dropping higher order terms in 𝛽 and 𝛿 (which 
are each on the order of 10-3). To demonstrate this directly for a 60 nm gold sphere imaged with 2.4 nm X-ray light, 

we have computed the solution for the scattering amplitude 𝑆𝐸𝐴(𝜓) in the eikonal approximation and compared it to 

that for 𝑆𝐴𝐷𝐴(𝜓) in the anomalous diffraction approximation and find perfect agreement (Figure S5). 
       In sum, we have shown that for the imaging conditions considered here, namely a 60 nm gold nanosphere and X-

ray light of 2.4 nm, the Mie theory and the parabolic wave equation yield virtually identical solutions because each 

can be accurately approximated by a simpler form that presumes straight line ray paths through the sphere without 

reflection or refraction. This result demonstrates that the propagation of light through the nanosphere is essentially 

identical in our model (pc-Mie) and in the Selin et al. model (pc-PWE). 

 

S6. Calculation of the nanosphere’s plane-wave and scattered-wave fields at the camera 
 

       The plane-wave field follows by direct substitution of Equation 10 into Equation 9 from the main text, and 

produces: 

 

𝑈𝜃−𝑃𝑊
𝑐𝑎𝑚 (𝑥, 𝑦, 𝑧) = 𝐶𝑒𝑥𝑝(𝑖𝑘(𝑅𝑓 − 𝑧) 𝑐𝑜𝑠 𝜃) × 

∬ 𝑑𝑥´𝑑𝑦´

𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒

{𝑒𝑥𝑝 (−𝑖𝑘
𝑥´2 + 𝑦´2

2𝑓
)} {𝑒𝑥𝑝 (𝑖𝑘

𝑥´2 + 𝑦´2

2𝑅0

) 𝑒𝑥𝑝 (−𝑖𝑘
𝑥𝑥´ + (𝑦 − 𝑅0 𝑠𝑖𝑛 𝜃)𝑦´

𝑅0

)} 
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The constant 𝐶 in front of the integral arises from Fresnel diffraction: 

𝐶 =
−𝑖𝑒𝑥𝑝(𝑖𝑘𝑅0)𝑒𝑥𝑝(𝑖𝑘

(𝑥2 + 𝑦2)
2𝑅0

𝜆𝑅0

=
−𝑖

𝜆𝑅0

𝐶𝑜𝑐  
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where we define 𝐶𝑜𝑐  as the oscillatory part of the constant given by the product of the two complex exponential terms.   

       Thus, the final equation for the plane-wave field at the camera is  

𝑈𝜃−𝑃𝑊
𝑐𝑎𝑚 (𝑥, 𝑦, 𝑧) =

−𝑖

𝜆𝑅0

𝐶𝑜𝑐𝑒𝑥𝑝(𝑖𝑘(𝑅𝑓 − 𝑧) 𝑐𝑜𝑠 𝜃) × 

∬ 𝑑𝑥´𝑑𝑦´

𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒

{𝑒𝑥𝑝 (−𝑖𝑘
𝑥´2 + 𝑦´2

2𝑓
)} × 

{𝑒𝑥𝑝 (𝑖𝑘
𝑥´2 + 𝑦´2

2𝑅0

) exp (−𝑖𝑘
𝑥𝑥´ + (𝑦 − 𝑅0 𝑠𝑖𝑛 𝜃)𝑦´

𝑅0

)} 
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       The scattered field at the camera is also calculated by direct substitution of Equation 11 into Equation 9 from the 
main text yielding: 

𝑈𝜃−𝑆𝑊
𝑐𝑎𝑚 (𝑥, 𝑦, 𝑧) =  𝐶 ∬ 𝑑𝑥´𝑑𝑦´

𝑎𝑝𝑒𝑟𝑡𝑢𝑟𝑒

{
𝑆𝜃(𝑥′, 𝑦′)

−𝑖𝑘
(

𝑒𝑥𝑝(𝑖𝑘𝑅𝑀)

𝑅𝑀

)} × 

        {𝑒𝑥𝑝 (−𝑖𝑘
𝑥´2 + 𝑦´2

2𝑓
)} × {𝑒𝑥𝑝 (𝑖𝑘

𝑥´2 + 𝑦´2

2𝑅0

) 𝑒𝑥𝑝 (−𝑖𝑘
𝑥𝑥´ + 𝑦𝑦´

𝑅0

)} 

 

 

(S12) 
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       However, this expression for 𝑈𝜃−𝑆𝑊
𝑐𝑎𝑚 (𝑥, 𝑦, 𝑧) in Equation (S12) can be simplified with a paraxial approximation, 

since the maximum angle from the sample plane to the zone-plate plane is small (~3°). With 𝑅𝑀 =

√(𝑅𝑓 − 𝑧)
2

+ 𝑥´2 + 𝑦´2, the term exp(𝑖𝑘𝑅𝑀) 𝑅𝑀⁄ becomes (1
𝑅𝑓

⁄ )𝑒𝑥𝑝 𝑖𝑘 (𝑅𝑓 − 𝑧 +
𝑥´2+𝑦´2

2𝑅𝑓
+

(𝑥´2+𝑦´2)𝑧

2𝑅𝑓
2 ) , since 

(𝑅𝑓 − 𝑧) ≫ ( 𝑥´2 + 𝑦´2) and since |𝑧| ≪ 𝑅𝑓 , with 𝑧 denoting the 𝑧 shifts of the stage about the focal position 𝑅𝑓 .  

With this simplification, three of the terms in the integrand in Equarion (S12) now equate to the lens law 

𝑒𝑥𝑝 (𝑖𝑘(𝑥´2 + 𝑦´2) [
1

2𝑅f
+

1

2𝑅0
−

1

2𝑓
]) and so disappear, resulting in the simplified expression presented in the main 

text:  

𝑈𝜃−𝑆𝑊
𝑐𝑎𝑚 (𝑥, 𝑦, 𝑧) =

1

2𝜋𝑅0𝑅𝑓

𝑒𝑥𝑝 (𝑖𝑘(𝑅𝑓 − 𝑧)) 𝐶𝑜𝑐 × 

∬ 𝑑𝑥´𝑑𝑦´

𝒜

{𝑆𝜃(𝑥 ′, 𝑦′)𝑒𝑥𝑝 (𝑖𝑘
(𝑥´2 + 𝑦´2)𝑧

2𝑅𝑓
2 )} 𝑒𝑥𝑝 (−𝑖𝑘

𝑥𝑥´ + 𝑦𝑦´

𝑅0

) 

(S13) 

 

Note that this corresponds to the Fourier transform of the bracketed pupil function, which incorporates the scattered 

field and wavefront aberration arising from defocus 𝑧.  
       Note also that the oscillatory constant term 𝐶𝑜𝑐  is present in the expressions for both the plane wave field and 

scattered wave field at the camera and so can be factored out. This term is also invariant to rotation about the optical 

axis and therefore plays no role when fields are rotated around the 𝑧  axis, as occurs in the partial coherence 
calculations. Thus we set this term to one for all of the calculations performed in this study. 

 

S7. Incoherent Beer’s law model 
 

       Otón et al. developed the first 3D TXM model, the inc-BL model [7]. The model bears some resemblance to 

conventional models for fluorescence microscopy, but with fluorescence intensity replaced by the loss of intensity, 

namely the absorption of the light as it passes through the sample. As in models for fluorescence, the absorption at 

any point in the sample is convolved with the point-spread function ℎ(𝑟, 𝑧) of the objective, and this yields the final 

intensity at the camera.  
 For the case of a nanosphere, the inc-BL model can be written in cylindrical coordinates leading to the equation 

in the main text: 

𝐼𝑐𝑎𝑚(𝑀𝑟) = 1 − ∫ (𝜇(𝑟, 𝑧)𝑒𝑥𝑝 (− ∫ 𝜇(𝑟, 𝜉)
𝑧

−𝑎

𝑑𝜉))
𝑎

−𝑎

⨂𝑟ℎ(𝑟, 𝑧)𝑑𝑧 
 

(S14) 

 

with M the microscope magnification and 𝜇 the linear absorption coefficient defined for the case of a nanosphere with 

radius 𝑎 by: 

𝜇(𝑟, ξ) = {
2𝑘𝛽          𝑟2 + 𝜉2 ≤ 𝑎2

    0             𝑟2 + ξ2 > 𝑎2 
  

(S15) 

 

The point-spread function is obtained by first computing the field arising from a lens whose NA equals that of the 

zone plate: 

𝑈𝑙𝑒𝑛𝑠
𝑐𝑎𝑚(𝜌𝑜𝑏𝑗 , 𝑧) ∝ ∫ 𝑟𝑑𝑟

𝑟𝑧𝑝

0

𝑒𝑥𝑝 (𝑖𝑘
𝑟2𝑧

2𝑅𝑓
2) 𝐽0 (

𝑘𝜌𝑜𝑏𝑗 𝑟

𝑅𝑓

) 
  

(S16) 

 

Here the radius of the lens equals that of the zone plate 𝑟𝑧𝑝 ,  𝑧 is the amount of defocus and 𝜌𝑜𝑏𝑗  is the radial coordinate 

of the demagnified image (the coordinate for the image in “object-space” units). Note that this equation is a polar 

coordinate version of the integral equation for the scattered wave (Equation 13) in the main text, but with the scattered 

wave amplitude 𝑆 set to one. This reflects the fact that both the inc-BL model and the pc-Mie model treat the zone 
plate as a lens with defocus.  

       The point-spread function ℎ(𝑟, 𝑧) is then computed from the squared magnitude of the field 𝑈𝑙𝑒𝑛𝑠
𝑐𝑎𝑚(𝜌𝑜𝑏𝑗 , 𝑧) in 

Equation (S16). Then this intensity point-spread function is used to compute the intensity 𝐼𝑐𝑎𝑚(𝑀𝑟) from Equation 

(S14) when the nanosphere is in focus. To obtain the full image of the nanosphere in 𝑧, the point spread function is 

shifted in 𝑧 by the amount of defocus, and Equation (S14) is reapplied.  
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       For the case of an apodized objective used to simulate an annular version of the inc-BL model in Figure 3 in the 

main text, we substituted 0.7 × 𝑟𝑧𝑝  for the lower limit of integration in Equation (S16). The factor 0.7 corresponds to 

the ratio of the minimum to maximum polar angles of illumination (0.83/1.18), and so provides a proxy for the fraction 

of annular illumination in the pc-Mie model. 

 

S8. Effect of coherence patch size in the mean-angle condenser model 

 
       The results for the pc-Mie model presented in Figure 2 of the main text were obtained with a mean polar angle of 

the condenser illumination (𝜃𝑚 = 1.01°) and a small azimuthal-angle coherence patch size (𝑝𝜑 = 1°). We also 

computed the predicted images of the pc-Mie model for larger coherence patches by adding fields within azimuthal 

angular sectors of 6°, 12° and 36° before computing the intensity of each azimuthal sector and then adding it to the 

intensity of 360 overlapping sectors that spanned the full circumference of the ellipsoidal mirror (Figure S6).  

 
Figure S6: Effects of azimuthal coherence patch size in a mean-angle condenser, where the full ellipsoidal mirror is replaced by a 
ring of coherence patches at the mean angle of illumination (1.01°). The schematic (a) illustrates the incremental shifting of an 

azimuthal angle coherence patch (𝑝𝜑~10°  in the schematic) around the mirror circular cross section. As the azimuthal angular patch 

size 𝑝𝜑  increases in the pc-Mie model, the predicted images (b,d) show marked changes in contrast levels. These arise from increased 

ringing around the nanosphere perimeter with increased patch sizes (c). 

 

       We found that as the azimuthal coherence patch size increased, the contrast range for the predicted images shifted 

significantly (Figure S6b,d). To better understand these changes, we computed radial intensity profiles through the 

center of the nanosphere images. The nanosphere center was defined as the minumum-intensity pixel in the 3D dataset, 

and the focal plane containing this minimum-intensity pixel was defined as best focus. We then computed an average 

radial intensity in this best-focus plane for the experimental data and compared it to the model predictions with 

different coherence patch sizes.  

       These radial intensity profiles (Figure 6c) revealed that larger azimuthal-angle coherence patch sizes led to 

increasingly larger overshoots around the edge of the nanosphere. These overshoots increased the total intensity range 

of the image thereby producing the observed altered contrast ranges for larger coherence patch sizes (Figure 6b,d). By 

comparison, we found that patch sizes below 𝑝𝜑 =1° led to virtually identical radial intensity profiles. Furthermore, 

these profiles from smaller coherence patches provided the best match to the measured data. This result suggests that 

the effective azimuthal-angle coherence patch size on the microscope is 𝑝𝜑 ≤1°. 
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S9. Rotation of the experimental data around the optical axis 
 
       We found we could eliminate the day-to-day differences in axial asymmetry observed in Figure 2 in the main text 

by rotating each experimental dataset around the optical axis by a different angle. We estimated this angle by 

examining slightly defocused 𝑥𝑦 images, each of which exhibited a localized bright spot, but each at a different angle 

in the first defocussed diffraction ring (Figure S7a). By rotating each dataset to position this bright spot at 6 PM 

(Figure S7b), we obtained very similar axial profiles for the three experimental datasets (Figure 4a in the main text).  

 
Figure S7: Asymmetry in the diffraction ring pattern. a.) Red arrows point to highly absorbing spots in the first defocussed diffraction 
rings of the three datasets. b.) The different datasets were rotated by the amounts indicated to position the absorbing spot at the same 

angular location (red arrows, here ~6 PM, rotated #1-#3). This rotation then eliminated most of the day-to-day variation observed in 

the experimental data. 

 

S10. Estimation of the axial tilt in the data 
 

       We estimated the axial tilt of the experimental data by manually drawing a line along the apparent tilt axis of the 

xz and yz views of the data, after it had been rotated around the optical axis such that the asymmetry present in the 

first defocussed diffraction ring was positioned at 6 PM (Figure S7). See the legend for Figure S8 for details of the 

axial tilt estimation procedure. 
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Figure S8: Estimation of axial tilt angles from data acquired on three different days.  Each 3D image of a 60 nm gold nanosphere was 
first rotated about the z axis to align the asymmetry in the out-of-focus diffraction rings (Dataset #1: 50°, Dataset #2: -40°, Dataset #3: 

3° - see Figure S7). Next, axial xz and yz slices of the rotated nanosphere images were generated (each containing the minimum-

intensity pixel in the 3D volume). Then, the axial tilt along xz and yz was estimated by eye by following along z the defocussed center 

of the nanosphere as defined by the largest absorption (red intensity). The vertical line (blue dashes) shows this estimated tilt for each 
dataset in both xz and yz. The blue-dashed lines were significantly more tilted in the yz slices (bottom) compared to the xz slices (top). 

To calculate average axial tilt angles, we computed the arctangent of the slope of the blue dashed lines ( 𝑡𝑎𝑛−1(∆𝑥 ∆𝑧)⁄  and 
𝑡𝑎𝑛−1(∆𝑦 ∆𝑧)⁄ ). This yielded an average tilt of 0.026° in xz and 0.26° in yz, showing that tilt was approximately an order of magnitude 
larger along y compared to x. 

 

S11. Calculation of polar tilt angle as a function of azimuthal angle in a tilted condenser 
 

       We use the simplified mean-angle condenser configuration in which azimuthal illumination occurs at a single 

angle, namely 𝜃𝑚𝑒𝑎𝑛 = 1.01° (Figure S1b). In Figure S2, we calculated the radius (𝑦0) and distance to the sample 

(𝑠) of this simplified mean-angle condenser. We now consider the effect of tilting the incoming beam and this 

simplified condenser with respect to the optical axis defined by the zone plate and camera by the tilt angle 𝜔𝑡𝑖𝑙𝑡  

(𝜔𝑡𝑖𝑙𝑡 ≈ 0.26°, as estimated from the measured data (Figure S8)). For such a tilted condenser, the polar angle 𝜃 for 

illumination of the sample changes as a function of the azimuthal angle 𝜑 around the condenser perimeter. To compute 

𝜃 = 𝜃(𝜑), the geometry of the tilted condenser must be considered (Figure S9). The resultant formula for 𝜃 = 𝜃(𝜑) is 
derived in the legend to Figure S9. 
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Figure S9: Shown is a condenser tilted at an angle 𝜔𝑡𝑖𝑙𝑡  relative to the optical axis defined by the zone plate and camera (𝜔𝑡𝑖𝑙𝑡 ≈
0.26° as estimated from the measured images (Figure S8)). The condenser plane is perpendicular to the line s whose length is the 

focal length of the equivalent lens. We must calculate the polar angle of illumination 𝜃 as a function of the azimuthal angle 𝜑 around 
the condenser perimeter. This can be accomplished by a double application of the law of cosines. We first consider the triangle with 

sides 𝜁, ℎ, 𝑟. We know ℎ from the right triangle determined by the tilt: ℎ = 𝑠 ∗ 𝑡𝑎𝑛 (𝜔𝑡𝑖𝑙𝑡 ), where 𝑠 = 34.87 mm (Figure S2). We know 

𝑟 = 0.62 mm (the radius 𝑟 is given by 𝑦0  in Figure S2)). From this, we apply the law of cosines the first time to obtain 𝜁 as a function 

of 𝜑: 𝜁(𝜑) = √ℎ2 + 𝑟2 − 2ℎ𝑟 cos 𝜑. Next, we consider the second triangle 𝜁(𝜑), 𝑂, 𝑂𝑃𝐿.  𝑂 is given simply from the right triangle, 𝑂 =

 𝑠 cos (𝜔𝑡𝑖𝑙𝑡⁄ ), and OPL is also defined by another right triangle : 𝑂𝑃𝐿 = √𝑠2 + 𝑟2. Thus we know all sides of this second triangle, and 

applying the law of cosines a second time gives 𝜁(𝜑)2 = 𝑂2 + 𝑂𝑃𝐿2 − 2𝑂 ∗ 𝑂𝑃𝐿 ∗ cos 𝜃, which yields the desired relationship 𝜃 = 𝜃(𝜑), 
and the plot shown in Figure 4d in the main text.  

  

S12. Radial intensity profiles of the tilted vs non-tilted theory 

       Compared to the non-tilted theory, the tilted condenser theory exhibitted slightly different radial intensity profiles 

along the direction of tilt (𝑦 - Figure S10a) but not in the non-tilted direction (𝑥 – Figure S10b). However, this small 

difference along the 𝑦 axis was averaged out when computing the radial intensity from the tilted theory (Figure S10c), 

so the computationally simpler non-tilted theory was used for all quantitative comparisons. 

 

Figure S10: Comparison of in-focus intensity profiles between the non-tilted (red) and tilted (blue) versions of the mean-angle, 
plane-wave condenser model. The tilt is introduced in the y direction, and this yields a small asymmetry in the intensity profile along 
y as compared to the untilted model (a, blue arrow). The difference is small in the y direction because the tilt itself is small, and this 

small tilt only becomes obvious in the image as one moves far out-of-focus. In the x direction, there is no difference in the intensity 
profiles between the tilted and non-tilted models (b), as expected because the tilt is orthogonal to x.There is also no difference in the 

radial intensity profiles between the tilted and non-tilted condensers (c). This is because the small difference arising in the y direction 

is averaged out when computing the mean radial intensity around the nanosphere center point.  
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S13. Structural characterization of the 60 nm gold nanospheres by SEM and TEM 

 
Figure S11: (a) TEM overview images of the 60 nm gold nanoparticles showed that they were reasonably homogeneous in shape 
and size, with some outliers. The density of the nanoparticles is also relatively homogeneous, with some striping indicative of 

channeling arising from an underlying crystalline structure. We imaged the same gold nanoparticles by SEM, and measured the 
diameter of 35 different nanospheres by drawing a circle around each nanosphere to determine its circumference. Note that 

nanoparticles that were premeasured by SEM for soft TXM imaging (such as the one sho wn in (b,c)) were selected to be roughly 
spherical and of the expected ~60 nm size. To estimate the error in the diameter measurement, we also drew two extreme circles 

around the nanosphere (shown in (b,c): one that circumscribed (b) and one that inscribed (c) the perimeter of the nanoparticle (shown 

is the 63.2 nm diameter nanosphere, Dataset #2 in the main text). For this nanoparticle, the two extreme circles led to an upper and 
lower bound for the nanoparticle diameter of 58.0 – 67.5 nm. (d) STEM-EDX analysis revealed that the predominant element in the 

nanoparticle was gold, with very small contamination of oxygen, carbon and potassium. These trace amounts contribute little to the 
absorption of the nanosphere. The presence of copper is due to the copper grids used for imaging. 

 

 
Figure S12: (a) Electron diffraction images of the gold nanospheres demonstrated that the nanospheres contain domains with 

crystalline gold. The white spots correspond to the expected lattice patterns for crystalline gold. Different lattice planes are shown with 

the corresponding measured and reference values (ICSD 163723 ) for the lattice spacing in parentheses. (b) High resolution TEM 
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images show that order domains dominate the nanoparticles. The Fourier transform from a sub-region of the area marked in red 

reveals the presence of a lattice that again corresponds to the one expected from crystaline gold. From the combination of these two 
types of measurments, we deduce that the nanoparticles are predominantly crystalline and that the crystalline domains have the 

density of crystalline gold.   

 

S14. Sensitivity of radial intensity profiles to deviations in nanosphere geometry 
 

 
 
Figure S13: Neither variations in nanosphere diameter or density can explain the deviations from the measured data. Shown in both 

plots is the measured radial intensity profile for Dataset #2, the 63.2 nm diameter nanosphere. (a) The limiting diameters measured 

for this nanosphere, 58.0 nm and 67.5 nm (see the circumscribed and inscribed circles in Figure S11b,c), yield radial intensity profiles 
that still differ significantly from the soft TXM measurement. (b) Similarly, the measured data could only be matched if the gold density 

in the nanoparticle was 60% of that expected for crystalline gold, although the TEM images indicate that the gold nanosphere is in 
fact crystalline (see Figure S12).  
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