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Mathematical derivations

This Supporting Information consists of 10 sections. Most of the derivations and discussions
are carried out twice: first for the co-rotational case, and second for the counter-rotational
case. The purpose of this Supporting Information is to keep all the intermediate steps as
detailed as possible, because one is liable to commit mistakes in dealing with complex
parameters and variables and their complex conjugates. In particular, the Sections S6-S8

are targeted at finding the orbital part of angular momentum with
E"-(V)E=E; (an/axi)éi and H™-(V)H = H;(@Hj/éxi)éi in the polar coordinate,

which we believe has never been explicitly attempted.

S1. Fundamental Formulas
Consider the Maxwell's equations —icE = V, x H and iuH = V, x E with vV, =kV.
Here, all the field variables follow the proportionality exp(—ia)t) for both rotational cases.

For simplicity, consider dielectric media without loss. Both (Hr, HH) are thus related to H,
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through H, =—i(up) " (E,/20) and H,=iu"3E,/dp for the TE mode. For the TM

mode, both (E,.E,) are expressible likewise in terms of E, through

E, =i(gp) (oH,/06) and E,=—-ie™"dH,/dp. Let us group these four relations in the

frequency domain by

RPN ¥ JYUNEL.

LW, | 1on (519
™: E =1——*, E,=-1—-

gp 00 g Op

E _ 1 ( fre"“", fee"”e, queime)
Ju v
a . . (S1.2)
- theimﬁ, qhgeime ' hzeimH
For this co-rotational case, Eq. (S1.1) translate into
TE: h=+2¢, hezijfi
’; i (S1.3)
T™: f=-"h, f=—i%
dp

For the counter-rotational case, the combined electric and magnetic fields are written below.

E 1 im im —im
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For this counter-rotational case, Eq. (S1.1) translate into
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TE: h=-"¢, hgzigii;

p ’;h . (SL.5)
T™: f=—"h, f,=—i"%

p dp

Note the difference that h, = (m/,B) f, for the co-rotational TE mode in Eq. (S1.3), whereas

h = —(m//‘)) f, for the counter-rotational TE mode in Eq. (S1.5). But, the other three

relations remain the same.

For a generic complex variable A, we make use of a set of the simple complex-variable

identities Im(A")=-1Im(A), A+A"=2Re(A), Re(iA)=-Im(A), and
Im(iA)=Re(A) among others. In addition, we need to take caution in taking the following
steps h, :[i(dfz/dﬁ)]* =—i(dfz*/d,5) for h, =i(df,/dp). Similarly, f, :i(dh:/d,ﬁ) for

f,=—i(dh,/dp). Meanwhile, |f,|=ff, and |h,|" =hh,.

m

We recall that the axial profiles f,(p)=F, (p) and h,(p)=NF,(p) have been

constructed to satisfy the continuity relations E, =E, and H, =H, across the thin layer

at p=R =kR.
B N V) .
F = : R
n(P) Jm(R’) P<R,
O (= (S1.6)
F(p)= H, (p), 5>R’
SARTTCA

m

Here, Jm([)) and H(l)(ﬁ) are the Bessel functions of first kind and Hankel functions of

the first kind, respectively.

Thanks to these normalization schemes, it is specified that F, (p=R,)=1=F (p=R,).

In addition, F,(p)=F(p). although J,(p)=(-1)"J_,(p) and
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HY(5)=(-1)"H"Y (p). This fact F,(p)=F",(p) will be repeatedly employed in

*

dealing with the counter-rotational case. We will also utilize the notation that F."~ = ( Fi) .

m

In addition, we define the first-order gradient function G_ and the second-order gradient

function K (5) in the radial direction.

d 1 d
G.(p)=—In|F(p)|=———F;(p), S1.7
m(p) dp [ (:0)] Fm’(p)dp (p) ( )
d2
= Fa(P)
so—_ d d . _ 2o
Kr;(p)s—_ln —_Fr;(p) :dé)—. (S1.8)
dp |dp 7Fi(/—))
dp "

To emphasize that these gradients take non-zero value only for spatially inhomogeneous
fields, we may call these gradients "inhomogeneity gradients".

In order to compute G (p) and K (p), we need to have evaluate derivatives of the

Bessel functions of first kind and Hankel functions of the first kind. For the Bessel functions,
the recursion relations are

dJ, (p

;(_p):_Jl([—))

P

(S1.9)

d23,(r)  ddy(r)

a2 dr
UalP)_;, L (7)-20,(7)

o 7 , m>0. (S1.10)
d Jm(p)_dJm—l(p)_md‘]m(p)+ m J (15)

dp’ dp p dp 2o

The Hankel functions follow a similar set of rules for derivatives. In addition, we need to pay

special attentions to the azimuthally stationary case with m=0.

Figure S1.1 presents the radial profiles of G;,(p) plotted against p=kr =wr/c with
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Rp =kR =1. In particular, the azimuthally stationary state with m=0 is drawn in a solid
black curve. Panels (a) and (b) display Re(Gnﬁ) and Im(Grﬁ), respectively. In particular,

the fact that Im(Gr;) =0 in the interior will play a dominant role in characterizing various

wave properties such as angular momentum and spins.
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Figure S1.1: The radial profiles of the first-order gradient function Gri (p) with the thin layer

located at R, = kR=1 and for m=0,1,2,3,4. (a) Real parts. (b) Imaginary parts.
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Figure S1.2: The radial profiles of the second-order gradient function K; (p) with the thin

layer located at R, =kR=1 and for m=0,1,2,3,4. (a) Real parts. (b) Imaginary parts,
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Figure S1.2 displays a similar pair for K ([)) . In short, all the forthcoming formulas end up
with expressions involving the functions F(2), G.(p),and K;(p) provided in Egs.

(SL.6)-(SL.8). In similarity to Im(G,)=0, we notice Im(K,)=0 in the interior, which wil

be useful for the forthcoming Eq. (S8.24) in evaluating the radial component of the orbital

angular momentum.

In addition, we will employ the "helicity” o and "chirality" y .

2Im(q) _ 2Im|:qexp(—2im9):|.

, S1.11
1+|q|2 d 1+|q|2 ( )

O =

Of course, y =0 for exp(—2imd)=1.

S2. Energy Density
12 -2
The energy density defined by W= %y‘l‘E‘ +%g‘l‘H‘ is fully written to be

]

z

" E%U( fe ™, 10, o™ )

+ ‘(the—ime’ qhge—imH’ hzeimé‘)

(S2.1)

By either Eq. (S1.3) or Eq. (S1.5), Eq. (S2.1) is cast into the following formula in terms of

(f,.h,).

g1+l e oo
dﬁ 4 52 7

2
W= 1%[%““2 |2 +

daf > .
z 2.2

The final step is to call upon the pair of solutions f,(p)=F, (p) and h,(p)=NF,(p) to

find
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2 2
W—EM[H‘G* (S2.3)

4 14]g]
From another viewpoint, W is separable into W,z and W, forthe TE and TM modes.

1
1+|q|2

2
d : Wy, - (S2.4)

We then obtain W :%(l+‘G; and W, = N°W’.. It is obvious that w

2+m2,52)‘Fr: ?

remains the same for both rotating cases.

+ i
80 (a) wr 3 (b) (w7 )
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Figure S2: (a) Energy density w;. for the TE waves. (b) The scaled energy density
(wre )]/4 for the TE waves. Both are plotted against p =kr =@r/c with the data

R,=kR=5. Curves are drawn with varying azimuthal index m=0,1,2,3,4.

Figure S2(a) displays the nergy density w;_ for the TE waves plotted against
p=kr=or/c. Thedatais R, =kR=5. Curves are drawn with varying azimuthal index

m=0,12,3,4. It turns out that the different curves are difficult to resolve among them.
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Therefore, Fig. S2(b) shows the scaled energy density (wTiE )]/4 instead of just wi. . We

find that on the (wTiE )]/4 -scale, the effects of varying m are easily discernible.

S3. Optical Chirality

The optical chirality C = —(Zn)_l Im(E*D-T) is fully expressed as follows for the co-

rotational case.

C= _%ﬁ |m|:( fr*e—imH, fg*e—imB, q* .I:z*e—im€) ° (theimél qhgeimél hzeimﬁ):| ] (831)

+im@

Upon scalar multiplication, the exponential factors e are cancelled so that

11 . W e
C:—Ewlm[(qfr hr+qf9h9+q fz hz):|

L dmfa( - i)

(S3.2)

By Eq. (S1.3), Eq. (S3.2) is cast into the following formula only in terms of ( fz,hz)

c-1 1 I{q[ hMt oh g dfwmﬂ
21+[qf p P dp dp

11 dh; df,
=————Im|q| —Nhf, +h f,
21+[qf p dp dp

-1
Recalling that o= 2(1+|q|2) Im(q), the final step is to call upon the pair of solutions

(S3.3)

f,(p)=F,(p) and h,(p)=NF,(p) toarrive at

2
(1+

-=_1 2|m(q)

_1 N G:
21+|q

Fi

m

2
4 T_ZJ , (S3.4)
p

S8



+T—§J . (S3.5)
P

Fi

m

2
+
Gm

O
I
EN
)

Cn=N

2
(1+
As expected, the chirality coefficient is positive for all p, namely, Crﬁ > 0. In addition, C

does not explicitly depend on &. Most importantly, C:

m

(p) is proportional to the energy

density w(p) in Eq. (S2.3) in its radial dependence.

Figure S3.1 presents contour plots of the unscaled C in (a), and the scaled Sgn(C)|C|]/5

on the (kx ky) -plane for the co-rotational case. The data are R, = kR=1 and q=1i.We

clearly observe only a radial inhomogeneity. The white region in panel (a) signifies higher
values of optical chirality. Therefore, the scaled one in panel (b) offers a better view most of
the time.

OXe (b) sen(C)[cf”

-2 - 0 1 B2y

s
Figure S3.1: (a) A contour plot of the optical chirality C . (b) A contour plot of the scaled
optical chirality sgn (C)|C|]/5. Both are plotted on the (kx,ky)-plane for the co-rotational

case. The dataare R, =kR=1, m=3, and q=i.

*

For the counter-rotational case, the optical chirality C = —(2n)7l Im(E [I:I) is fully

expressed as follows.
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C= —%ﬁ Im[( fe™™, f,e7™,q €™ )e(ghe ™™, ghe ™ he™ )] : (S3.6)

Even upon simplification, the azimuthal angle survives explicitly such that

1 1

C= ST Im[(qe‘z"“e f'h, +qe”™ f,h, +qe®™ fh, )]
L+ (53.7)
1 1 i . . . '
==—1 M fh —fh, +h f
21+|q|2 m|:qe ( rithr oMy 1, z):|
By Eq. (S1.5), Eq. (S3.7) is cast into the following formula in terms of ( fz,hz)
C= 1 1 Im{qez'mg(——h dh: dfz +h fzﬂ
21+ |q| p - p dp dp (539

2
11 ~1m qu‘mg[—T—zf:hz+dh d, j
21+|q o

The final step is to call upon the pair of solutions f,(p)=F, (2) and h,(p)=NF,(p) to

arrive at

c:[f-Mm

2 2 2
Y%

C=1,4Ci, Ci=N

m

Here, y is the chirality defined in Eq. (S1.11). As expected, the azimuthal term —mz/,52

in C* for this counter-rotational case changes its sign, in comparison to +m?/p? in Eq.

(S3.5) for the co-rotational case.

Figure S3.2 shows a contour plot of C(p,0) translated into C(kx,ky) onthe (kx,ky)-
plane for m=1 with the data Rp =kR=1 and Q=i. Here, the pattern repeats twice

because of the factor cos(2im9) with m=1.

S10



08

0.4

-0.4

-08

fx —

Figure S3.2: A contour plot for the scaled optical chirality sgn(C)|C[”* on the (kx,ky)-

plane for the counter-rotational case. The dataare R, =kR=1, m=1,and (= i

S4. Poynting Vector
For the co-rotational case, the Poynting vector P™" = (2n)71 Re( E" x H) is fully written to

be

pPom _ n_z_ﬁ Re |:( fr*e—im49’ fg*e—imﬁ 1 q* fz*e—ima) % (theima ’ qhge‘”‘", hzeima )] ] (S4.1)

As a result, we obtain the component-wise relations for P™" =P8 + PS¢, + P""é as

follows.
i )
+lal
P = ”—;1+1|q|2 Rel a( 1, ~ i1y
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—imé

Note that €™ cancels out e in every terms. By Eq. (S1.3), these three are cast into the

following relations in terms of (fz,hz)

pron 1" 1 ;dh, - df, J

' 2 1+|qf dp

Py =2 Rel o f:@ f +@h:hz] - (5439
2 1+|q P P

pron 11 o q( . df, idh_zgfzﬂ
21+gf |\ A "dp dpp

With the help of various relations for complex variables, these three are further simplified.

PPoyn:E 1 U
Lo 1+| |

P Poyn __

Z

Cdp ¢

*df dh’ j

(S4.4)

5

The final step is to call upon the pair of solutions f,(p)=F, (2) and h,(p)=NF,(p) to

m

find

PrPoynzn__L (|q| F+* dF N2 dF_ ij
2 1+[qf dp dp

Poyn :i NZ +|q|2 m
’ 2 l+|q|2

pron _M°_ 1 _m, qN( m+,de_— dF” Fj
21+[gf P dp dp

1
By way of the helicity o = (1+|q|2) 2Im(q), two of Eq. (S4.5) get further down to

(S4.5)
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BN
r T . 2 |'m m
2 +1+|q| (S4.6)
Prom = o LN s Re(G)
2 p

The trajectories for the Poynting-vector flows are evaluated from the following differential

forms.

(S4.7)

,5d 0 PgPoyn d (kZ) 1 PZPoyn
dﬁ - PrPoyn ! d,5 - ni PrPoyn )
We then rewrite these two relations into the following differential trajectories with p as a

parameter, based on Egs. (S4.5) and (S4.6).

do _ m
dp  p? Im(Gnﬁ)

d(kz)

(S4.8)

For the counter-rotational case, the Poynting vector P™" = (2n)_l Re(E* X H) is fully

written to be

n*
- S4.9
2 1+|q|2 ' ( )

HPoyn __

| Re [( fe™, fe™,q f:eimﬁ) X (the—ime .gh,e”™, he™™ )} .

As a result, we obtain the component-wise relations for P™" = P*"¢ + P/™"¢ + P as
in (S4.2). Note that €™ cancels out €™ in every terms. By Eq. (S1.5), these three are

£.n,).

cast into the following relations in terms of (
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pron =L~ _Re —|q|2fz*@fz+@h;hzj . (S4.10)
p p
e = el o M )
21+gf [\ p dp dp p

Notice the sign change in the expression for P/*" and P™" (in red colors) in the above

equation. With the help of various relations for complex variables, these three are further
simplified.

4

dp

pron _N° 1 ( *df dh*j
r 21+|q| z

prom _ n [ =[af|f,[ m m _ (S4.11)

2 1+|q| p
The final step is to call upon the pair of solutions f,(p)=F, (p) and h,(p)=NF;(p) to

PPoyn — ni |: (
2 1+|q| P

find

pron =12 (Iq| For i e AP Fmij
2 1+[qf dp dp

pron _ M N*=[a m

= S4.12
‘ 2 1+|q|2 ( )
PP = qN(FnT*dif——dFT Fr:]-
2 1+[qf P dp dp

1
By way of the helicity o = (1+|q|2) 2Im(q), two of Eq. (S4.12) get further down to
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Poyn =E|q|2+N2 Fi
r 2 1+|Q|2

m

i Im(Gnﬁ)

(S4.13)

+

Pron =N TR
2 p

i Im(G;,)

+

It should be noticed that P"" oc Re(Gi) in Eq. (54.6) and P™" oc Im(Gr;) in Eq. (54.13)

m

respectively for the co- and counter-rotational cases.

The trajectories for the Poynting-vector flows are evaluated from Eq. (S4.7). We then rewrite
these two relations into the following differential trajectories with p as a parameter, based

on Egs. (S4.12) and (S4.13).

do _N’—fg m
dp  NZ+[g* p°Im(G)

d(kz 2 N

(_)z_i i 2@|m(q) , (S4.14)
do njg +N?p

dikz) 2 N

;pIm(G,,)Im(q)

do ' N?—|q

S5. Energy Flow Density and Poynting Vector
Via k =w/c and the Maxwell's equations —icE =V, xH and iuH =V, xE with

V, = k™'V , we have the total energy flow density (FD) P as follows.

1 [1
=—1Im| —
4n Y7, (S5.1)
— L im(i€" % —iH "< E) == Im(iE"x H +iEx ")
4n 4n
(



As a result, the total energy flow density (FD) is identical to the Poynting vector (PV), namely,

P© — PP for dielectric media. This fact holds true to both rotational cases.

Meanwhile, the decomposition of P“ into its orbital FD P° and spin FD P° is easier to
handle in the Cartesian coordinates by use of the repeated indices.

nkﬁoz%lm[é*~(V)E}+%Im[ﬁ*~(v)ﬁ], (s5.2)
nkﬁssiVxlm(E*x E)+2—18Vxlm<ﬁ*xﬁ). (S5.3)

In order prove the identity P =P? + P}, let us prove the following identity for the electric

field first.

Im[E*x(Vx E)}z Im[E*~(V)E]+%Vx Im(E*x E) (S5.4)

To prove Eq. (S5.4), consider %VX(E*X E) first.

e \a O(E,E,)
=3 ik aT(EkmnEmEn)el = % Exméii %Q . (S5.5)

j i

:%ai[(amlam. ~ 5,403 )EE, |6 :gi(E(E. ~EE)4

mj~nl
X;
Note that 5”- and &y are the Kronecker and Levi-Civita symbols, respectively. Besides,

€ is the unit basis vector of the Cartesian coordinates. We made use of the identity

EmExj = 5m,(5nj —5mj5n| . Hence, taking the imaginary parts on both sides of Eq. (S5.5) leads

to
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J . (S5.6)

For dielectric media without space charges, we have OE; /GXJ- =V-E=0.As aresult, Eq.

(S5.6) is reduced to

OX j

1V><|m(l§ E)+Im£E §]]:0. (S5.7)

On the other hand, consider next E x(Vx E).

= (O BV B (U E) oo . FEn). 4
E x(vx E) = E (VX E)k £,8 =E; (gkmn ~ }s,jkeI
' (S5.8)
- JOE . = 0B _.0F .
= S e (5 O 5m15nl)E i —*6=E—¢&-F %el

Because of the defining relation = (V) E= E; (8E]./6'Xi )éi , the combination of Egs. (S5.7)

and (S5.8) ushers us to the desired identity in Eq. (S5.4).

In similarity to Eq. (5.4), we could prove its magnetic counterpart.
Im[ﬁ*x(Vx H)}: Im[ﬁ*-(V)H]+%Vx Im(I:I*x H) (S5.9)

As a conseguence of Egs. (S5.2), (S5.3), (S5.4), (S5.9), we have proved that P = |300 + I5OS .

It is worth emphasizing that the identity P =P° +P° has been proved not by the identity
= x(Vx E) =E"(V)E+1iVx ( E"x E) for complex fields, but by its respective imaginary

parts. In addition, we should remark that the divergence-free conditions V- E= 0 and
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V-H =0 have been incorporated in the procedure. In other words, homogeneous dielectric

media are assumed without any presence of space charges.

S6. Orbital Flow Density in the Cartesian Coordinates

Now, let us further process the orbital part P° for our particular waves described by
f,(p)=F.(p) and h,(p)=NF,(p). We rely on the Maxwell's equations
~igE=V,xH and iuH =V, xE with V, =k 'V, expressed in the frequency domain
via the proportionality exp(—ia)t). For dimensional reasons, let us introduce

(X,¥.Z)=nk(x,y,2). By this way, we obtain (X,Y)=p(cosé,sin®) based on the

previously introduced radial coordinate p = n*kr .

For axial-coordinate-independent field variables, we reduce —igE = V, x H and

iuH =V, xE to the following.

Te: h=-ide p o
oy 7 X
h o - (S6.1)

X

T™: f =iZ%, f =-i
oy ' X

Consider the electric field first by noticing that E™-(V)E = E] (8Ej/6xi )éi . Here, one is

prone to making a grave mistake when setting
Im| E; (€, /ox )& |=Im| £(8/ox )(EE; )& |= |m{(a/axi)(g\|§f)éi} =0, which is

“E. , we find that

—|2
absolutely incorrect!. In other words, although ‘E‘ = EJ i

. OE.

J A

o(EE)) ,
> é é. (S6.2)

ox.

E

1
3
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Nonetheless, there is a more informative interpretation for E (V) E if we write the electric

field as E, E‘Ej‘exp(il//j) with y; as its real-valued phase. As a result,

. -~ _,OE .\ O||E;|expliy; )| .
E -(V)EEEja—Xi‘ei:;‘Ej‘exp(—ly/j) U J‘éxi( J)}ei
O|E, 0| expliy.

:Z‘Ej‘exp(—i://j)exp(iy/j) LX"‘éi +Z‘Ej‘2exp(—iwj)%éi

’ e - ; ' (S6.3)
=|E|| 8xiJ é +iZj:‘Ej‘zexp(—igyj)exp(i;uj)a—)(i"éi

— 2

=giE—e+qaf@ﬁe

OX; OX

This expansion make a correction for the above-mentioned mistake in Eq. (S6.2). Let us
explain the summation conventions employed here. Any double indices mean a summation

over that index as in the Einstein's notation. For the triple (3 times) or quartic (4 times)

indices, we employ the summation symbol Zi in an explicit way. Therefore,

CREEEMEE

. (S6.4)
20y e OV e 0V
B 5 EZ(EiEia—x.'ei]EZ[Z[EiEJ‘aT.’eiﬂ

i il
By this way, we have separated E" (V) E into its real and imaginary parts. The first term is

real-valued, and it is exactly what we have mentioned in the previous paragraph for warning
for Eq. (S6.2). The second additional term is imaginary-valued, and it is what we should not
miss out. This second term is the intensity of the electric field multiplied by the phase

gradient. We cannot emphasize too strongly the importance of the phase gradients in the

business of angular momentum. Besides, we could treat H” (V) H in a similar way.

Now, we proceed with the electric-field part in terms of the normalized variables.
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*aEx *6Ey z |A
+;ImHEX 5 +E, 5 +E, 5 jey} _ (S6.5)

N

Here, we utilized either Eq. (S1.2) or (S1.4) and the axial-coordinate independence of the

electric field.

Similarly, we treat the magnetic field to obtain

L L oH
11y (V)Hsllm{HJ—_‘éi
nk & & oX,
Lyl (g H e My *aHZé_
e Ut Yx o Tox )
1 [(,.oH, . oH, L.oH ). ]
+;Im_[HX 5 +H, 5 +H, & Jey _ (S6.6)
. 8h .
L) [ 2ol T 2|
1+|q| i OX L oX |
1 . oh, oo )
+ ~1m (|q +|q | h i je
1+|qf "oy 57 oy

We expect instantly that both E"-(V)E in Eq. (S6.5)and H"+(V)H in Eq. (S6.6) do not

differentiate between the co- and counter-rotational cases, because all complex variables

show up in complex-conjugate pairs. Another observation is that there is no interference
2

term, since only |q| shows up. Hence, the orbital FD is separable into the TE and TM

modes. Summing up Egs. (S6.5) and (S6.6),
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50 _ 1 =8 = 1 T -
P _4nkﬂlm_E (v)E]+4nk8|m[H (V)H ]
I Loim fx*a—'}+f;a—'}+|q|2 fz*af—jjéx
41+ X X ox )|
11 [(.ef, Lof, o uof ), ]
+= Im| | f~ =+ —L+|g|" f, == |é
A1elq vy la|” f, éVj o (S6.7)
o o _
LA |q|2hxah"+|q|2hy—_y+hza—rlzjéx
41+|q| i oX X x )|
o o
NS S| (W yﬂmﬁ_hz]éﬂ
A1+)o | 9 oy

Let us go further to separate P° into four parts.

PO = 1+Tq|2 (1o RO™= +BO™ e, + 1+1q (o P+ O™ e, (S6.8)

Here, the idea is to collect terms respectively for the TE and TM modes in the two in-plane

Cartesian directions (X,Y).

4 X 7 oX X
* *af *
U i S S o
4 ox 7 oX oX
. (S6.9)
. .oh .
PO‘TEEEIm hxarlx+ —y+fzé)f—_Z
’ 4 y oy
* *af *
Py ™ Ellm[fX af_x +f,—=+h 6@)
4 oy oy oy

Here, the additional superscripts "TE" and "TM" refer respectively to the TE and TM modes.

We can check a partial validity of these items by finding that the respective sets (h h,, f )

X1y Tz

and (fx, fy,hz) appear in the items representing the TE and TM modes, respectively.
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Via either Eq. (S1.3) or Eq. (S1.5), the above Eq. (S6.9) can be expressed solely in terms of
the two axial components ( f,,h, ).

z' 'z

pO.TE =Elm 8fz* 0? fZ 5f sz *i
e 7 axay ? X
o _ 1, [oh o°h, oh, %h, o oh,
P T A
: S6.10
ore _1 of, o°f, of o°f, .df, ( )
Prr=—Im =—=t+——~-—>+1f =
4 | X ooy Oy oy oy
- ,
po™ ELm[ah o’h, , oh; o', .o,
4 Xay &y o’ oy

We find that the imaginary unit do not explicitly appear in these four defining equations due
to self-cancellations. As a consequence, Egs. (S6.10) holds true for both rotational cases.

In the Cartesian coordinates, Eq. (S6.10) lends itself easily to a vector form. To this goal, the
terms in Eq. (S6.10) are plugged back into Eq. (S6.8).

2
po _ |q| (POTEA +POTEAy)+

PO'TMé +PO,TMé\
l+|q| y 1+|q|2( X X y y)

[af; o, oty &', f*i]é
1o Lo X oy Tox)
41+ |of +[8f*62f A, *af] - (86.11)
OX OX0oy ay oy* oy
(oh; o*h, _ah; o°h,
+l 1 | [ax ox? 8y8x87 ]

A

€

m
41+|q/ oh; &%, oh; o*h, .oh
+ L+h —
x oy oy oy "oy

At this moment, it is helpful to introduce the following in-plane gradient for a generic vector

= (AK, Ay) in the Cartesian coordinates.
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8, + ﬁ (S6.12)
y

2 * *
Fjo:lﬂzlm af—_zﬁl[__z)'i'af_z ﬁl af__z +fz*§ifz
41+|q| OX ox ) oy oy
a .

) N (S6.13)
AL B (), Bg (Do,
41+ |q| oX OX oy oy
Let us introduce another differential vector operator.
(AeV,)A=AV A +AV A . (S6.14)

This form (A* Y, l) A is the convective-derivative vector, which often occurs in classical

fluid dynamics. Eq. (S6.13) is then cast into

o L8 [(9.4)07, ), 0)+ 17,1

41+|q|

+%1+l|0|| Im{[(V.h)+¥, ](7.h) + hV ]

jaf im {Wl £)e ¥, + f;}(?l fz)}

414

2 m{[(V 1) 7, +1)(7.0,))

41+|q

(S6.15)

This vector form cannot be easily translated into its counterpart in the polar coordinates. The

aforementioned special forms E™+(V)E=E] (6Ej /X, )éi and

H" (V) H= H;(@Hj/ﬁxi )éi for the orbital flow density (FD) make the current investigation

both unique and time-consuming. These forms are unlike the usual gradient and Laplacian

operators, for which we find pertinent transformation rules readily from handbooks and
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textbooks. The difficulty with these forms arises essentially from the fact that both = (V) E

and H™-(V)H refer to differential forms operated not on scalar but on vector quantities.

For this purpose, we have expressed the orbital FD in another vector form in (S6.15).

S7. Vector Laplacians

As another example of the operators on vectors, consider the following vector Laplacian for

a generic vector V.

VAV =VV,6,+ V8 + VA8, (S7.1)
o, oV, oV, ).
V4, z( P ¥ + Y ]ex, etc. (S7.2)

Here, V =V,€,+V,€, +V,€, or v E(VX,Vy,VZ) in a short-hand notation for the Cartesian
coordinates. We can cast this vector in the cylindrical coordinates such that
V=V +V,6,+VEé or V =(V,.V,.V,) in a short-hand notation for the cylindrical

coordinates. The mathematical complications associated with VA s that it is not easy to

express VA in the cylindrical coordinates. For instance, we may assume that

V=(V, )& +(V, )8, +(VV, )&, with

,_ 0" 10 18 &

= t-—+5—5t—. S7.3
or> ror r?o0* ozt (57.3)

In this case, what is missing is the terms like the vector gradients V(€,é,,6,) and the

vector Laplacian Vz(ér,ég,éz). It is because, the unit vectors (&,,6,,€,) for the cylindrical

coordinates are spatially varying or inhomogeneous. We will get these extra terms in
forthcoming Eq. (S7.17).

Instead, we would better deal with Egs. (S7.1) and (S7.2). In this approach, let us generalize
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V, =V, (x, Y, Z) so that it depends on all the three space coordinates. In order translate Eq.

(§7.1) in the Cartesian coordinates into that in the cylindrical coordinates, let us consider

several transformation rules.

V,=cV,-sV,

V, =sV, +cV,’ (S7.4)
e =Cé —sé,

A A A (S7.5)
€, =€ +cé,

0 _ 0 80

X op pob

p 0 ¢ o (S7.6)
§y p pao

Here, we employed a short-hand notation for a pair of angles c=cosé# and s=siné. All the

three transformation rules in Egs. (S7.4)-(S7.6) have the same transformation matrix, namely,

c -S
(s c j which has a unit determinant.

Now, VA =VA,& +VA,8 +VV,6, inEq. (S7.1)is expanded in full as follows.

V=VA,8 +VV.E +VV4E
A, N, azvxjA [62Vy o, 82VVJA (azvz oV, aZVZJA

= axz + ayz + ayz ex+ 8)(2 + 8y2 + ayz ey+ axz + 8y2 + ayz ez

o, 1oV, 10N, oV, ). [0V, 1oV, 10V, oV, | . (S7.7)
=l ottt T |8 2 Tt v &

or ror r°o6 0z or ror r°o0 oz

oV, 1
- +=

v, , 1 oV, +azvz 5
or> ror r?o9* o )"

This step works fine, since Vz\/X and the likes are the scalar Laplacians, and therefore they

can be written in polar coordinates without incurring any errors.

Since the axial term VZVZéZ does not change even in the polar coordinates, it will be not
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considered any further. With the help of Egs. (S7.4) and (S7.5), the first two terms

VA6 +V2Vyéy of Eq. (7.7) is now transformed as follows.

VA& +VAV, 6
0% (V. —sV ) 10(cV,-sV,) 10°(cV,-sV,) &*(cV,—-sV,)| . .
- | 8rr2 : r ( r8r 6)+r_2 (arez o ( 6rz2 = |(c6—s). (S7.8)

s 02(3\4+cv9)+la(sv,+cv9)+izaz(sv,+cv9)+az(sv,+cv9)

or? r or r 06? oz°

(sé +cé,)

At this point, let us define

A, A AN A A
VA& +VV,E =D8 +Ds,.

(S7.9)
Collecting terms of the similar sorts in Eq. (S7.8), we ascertain
o2 (cz\/r —csvg) 1 (’3(02\/r —csvg) ¢ %(cV, -sV,) o° (cZVr —cng)
D, = 5 +— +— > + >
or r or r 00 oz
62(52Vr +csV9) 10(sV, +csV9) s 0%(sV, +cV,) E)Z(SZVr +csV9)
+ > += +— — + >
or r or r 00 074
0* (—csVr + szvg) 1 E)(—csvr + szvg) s % (cV, -sv,) O (—csVr + szve) - (87.10)
D, = > +— +— > + >
or r or r 00 074
o2 (csvr +CZV9) 1 a(csv, +02V9) ¢ %(sV, +cV,) ol (csVr +02V9)
+ > += +— > + >
or r or r 00 0z
Exploiting several cancellations, we obtain
2 2 & (cV. —sV o2 (sV. +cV
o -2 4106, T, L TITC ), 5 TISS0)
o- ror oz r 00 r 060 (57.11)
N, 1V, oV, -sd*(cV,—sV,) c 0°(sV,+cV,) '
D, = 2 T T2t 2 2 Tt 2
o~ ror oz or 00 r 00

While proceeding, we need to pay a special attention to the factors like
(oc/06)=(0/06)(cosd)=—sing.
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N, 1oV, 3N, ¢ 0 3(eV,-sV,) s (s, +cV,)
:_I’+_ r + r +__I'—9+ _ 7/
“o* ror o® rfo0 00 2060 00 (57.12)
N, 1oV, 0V, -s d d(cV,-sV,) ¢ a d(sV,+cV,)’ '
D=ttt ——————
o ror 0z r°o0 00 re oo 00
We take derivatives of the above with respect to the azimuthal angle to obtain
VAV, +VAV, & =D& + Dy,
[ A2 2
a\/2r+18Vr+8\£r+%i -sV, - avr—s%j
| o ror oz r°0od 00 00 )|,
- ' S7.13
+ 32 2 cV, —sV, N, +c% ( )
| r° 00 00 06
[ A2 2
8\/29+18V9+8V29+ S0 ( sV, cV@JrcaVr —sij
N o ror oz r?of 00 00 )|,
c o v, oV, ’
+— cV, -sV,
| 20 00 00
Taking the azimuthal derivatives once more,
VA& +VAV, & =D& + D6,
oV, 1oV, 0%V,
2 o t—2
or° ror oz
= +£2 —ch+sV6—san— No _Ne Ny 62\/2 - azvz é
r 00 00 060 06 00
2 2
+i2 -sV, —cV, N _ %+c%—sav‘9+sa\/2r+cavf
r o8 00 06 00 06 00
2
avzugavuazvzg
o ror oz
_ 2
+ —2 —cV, +sV, - sNMe_ Ny _Ne Ny cazvzr—savf é,
r 89 08 00 00 00 00
(S7.14)
c o, N, oV, v, AV oV,
+—| =SV, -S—=+C—--5 +S—5+C—,
r 00 00 068 08 06 00
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Via the trigonometric equality ¢’ +s% =1, the final simplification leads to

VA& +VV,E =D& + Dy,
_Lazvr Jlov, 1Y, &V, v, 2, )e
- r

o Ta T v v oe
2
{av“lav“ia?v“azve \ﬁ+£av,jé€

(S7.15)

o2 ror r2o0® o2 r? r? oo

Here, there are two extra terms. Both —Vr/r2 and - g/rz are the centripetal terms. In

addition, both —2r?(6V,/06) and +2r?(éV,/06) are the Corioli's terms. The equal-signed

feature of the centripetal terms in the radial direction recurs in our photon problem. In a
similar vein, the opposite-signed feature of the Corioli's terms in the azimuthal direction
recurs in our photon problem. Eq. (S7.15) is nothing but

5 5 V., 2V, V, 20V,
VA + V6, =(v2\/r ——r———ﬂjer +(v2v9 —r—g+r—2 86; je(, . (S7.16)

Meanwhile, Eq. (S7.15) is cast sometimes in the following form.

VA& +VV,6 =D& + Dy,

Q.)lQ)

|—|><
-1|I—‘

(S7.17)

LoV, oV, 2dV,|,
+—z Tt T (&
r<o0- oz r° o0

-1|I—‘
Q)

+
|r* 00® o’ 00

l1ad, oy, 2y, }
+—2— e

Eq. (§7.17) is in a more conservation-like form than Eq. (S7.15), although Eq. (S7.17) is still

in a non-conservation form. This non-conservative nature of the vector Laplacian VA in Eq.
(S7.1) gave rise to all the extra terms, and it render our investigation into orbital part of

angular momentum both difficult and challenging. We remark that this kind of complication
arises from V2 | the vector Laplacian, in contrary to the conventional scalar Laplacian. In a

similar context, we have encountered the convective-derivative vector (? . ) oV , and

(V,h,)eV, inEq. (S6.15) for the orbital FD.
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We encounter this vector Laplacian while treating the interaction of charged particles with
the electromagnetic field, where the vector potential shows up through the kinetic
momentum term in the Hamiltonian for electrons. This Dirac equation or the Schrddinger
equation in the presence of an external axial magnetic field helps to establish the discrete
Landau levels. It is no surprise that the resulting formulation obtained in the condensed-
matter physics help to constitute the basic model for what is recently called topological

photonics. In the case of the Navier-Stokes equations in classical fluid dynamics, the vector

Laplacian VA appears as the diffusion of the velocity vector V .

S8. Orbital Flow Density for the Rotating Cases

We remark that both rotating cases cannot be resolved in the Cartesian coordinates in a
proper way. In order to differentiate between the co- and counter-rotating cases, we should
resort hence to the polar coordinates. To this goal, let us treat Eq. (S6.8) given in the

Cartesian coordinates into the polar coordinates via Eq. (S7.5).

~ 1 2
PC = POTE+P2™ )(cé, —sé
1+|q|2 (|q| X X )( r 9)
1

l+|q|2

+

(|q|2 Py + P )(sér +C6, )

C|q|2 PXO,TE + S|q|2 PyO,TE + CPXO,TM + SPyO,TM )é

r

(S8.1)

r

(—s|q|2 PXO,TE + c|q|2 PyO,TE B SPXO,TM n pro,TM )ég '

|q|2 (CPXO,TE n SPyO,TE ) n CPXO,TM n SPyo,TM }é

: [|q|2 (_SPXO,TE + CPyO,TE ) _ SPXO,TM + CPyO,TM Jée

Our goal is to equate the above relation to the following relation in the polar coordinates.
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Bo — 1 . (|q|2 pOTE | pOT™ )ér n

1 2 50TE 0,TM \ &
P +P” €,. S8.2
1+|q| |2 (|q| 4 4 ) (4 ( )

1+{g

Therefore, the four coefficient functions in the polar coordinates are related to the other four
in the Cartesian coordinates in the following way.

PrO,TE — CI:)XO,TE + SI:)yO,TE

0TM __ 0,TM 0,TM
P =cP " +sP,

o, TE O,TE O,TE
P P CPy

PO,TM _ _SPO,TM +CPO,TM
) =

Obviously, the transformation between (PXO’TE, PyO'TE) and (RO’TE, PHO'TE) is the same as

that between (PXO'TM P ) and (RO’TM PO ) .

Consider the four members separately. First,

PrO,TE = % |m(|5ro,TE) _ CPXO,TE n SPyO,TE , (S8.4)

50TE _ 6f 62f 8f 82f o 8f 82f 81‘ 62f «of,
po —L+f =L |+s —+f, = (S8.5)
rEd ay oXoy X oX axay 6y oy* oy
Via Eg. (57.6), the following common operator is further treated.
0 0 0 s 0 0 ¢ 0
C&‘l‘S%:C Ca___t£ +S Sa__—i_t@
P P P P (S8.6)

op p ol 8,0 p6¢9

Hence, we proceed with Eq. (S8.5) while keeping the order of differentiations to obtain
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F"‘)O’TE f a af af a af + *af
' 6xapax oy opoy -

[ O sof o of sdof,
op pod)op\ op paod

of cof Yo of coéf . of,)
+ S——+— —| S—+———+ f —
op p 0ol )op\ op pod

P

" . (S8.7)
R s of] 62f s &', s,
% p0o0) ¢ popoe oo

of] cof Sazf c o°f, e, o,
op poo )\ op: popod piod) taop

+| S

It is simplified further.

If)ro,TE ziéz_f_gaf_*azf +C56f af

op 0p° p Op opod p* dp 00
_§£62f2+iafz o°f, s® of] of,

D 00 3p°  pt o6 opol P o6 06

af o°f, +csaf 0°f, cs of] of,

8,0 op°  p 0p 0po6 p’ op 00
Losof, o°f, o', P of] ot ctof]of, .df,

+ —_
D 00 0p°  p’ 90 9poo _38980 * 0p

(S8.8)

It simplifies once again to the final relation, thus leading to no explicit appearance of the
azimuthal angle.

sore _ O &°F, 1 of) &',

1 6f of, .of,
+

-z — z ~ _~z_z

op 0p>  p° 00 9pol p° 00 06

‘o

. . N . S8.9

som _ O &, 1 oh o, 1 eh, .o (58.9)
" T opt poo o0 5 o600 op

For the second relation in Eq. (S8.9), we have taken an advantage of the symmetry between
the TE and TM modes.

Second, the preceding entire procedure is repeated in the azimuthal direction
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PgO,TE = % Im( }f')gO,TE) _ _SPXO,TE T CPyo,TE 1 (S8.10)

2 * A2 2 2
goe _ _(8f af+i8f2+f*i}[af o°f, o &*f, .of

gy fr zy Z—_Z). (S8.11)
oX OX° 0Oy OXoy OX oX 8x87 8y oy° oy

Via Eg. (S7.6), the combination operator becomes now the azimuthal derivative.

(S8.12)

o s* 0 o ¢20 ,, 10 108
=—s—+——+05—+——=(+5} )= —==—
op p ol op p ol

Hence, we proceed with Eq. (S8.11) while keeping the order of differentiations to obtain

gore _Of 1o off1odf .14,

o aXpaeax o poody L pao

= Caf;_iaf_; li Ci_ia_fz
op pol )pob\ op pobd
of cof 10 af c of, .1 0of,
o s% b +o—L |+ f =2 (S8.13)
op pobd)p 06 6p p 00 p 060
~ Caf;_iaf; L o°’f, s &,
op pod )\ popod p° oo
of cof 1 ¢° fZ c 0°f, .1 0of,
+ S—=+— S— _2 |+, ===
dp pold )\ p 8p8¢9 00 p 00

Further simplifying,

gore SO O, s OO, s o, 0, & o0,
5 0p 0pof p° op 00° P 06 opod  p° 0 06
s of, *f, csof] o°f, csof] &%, +c_6fz*82f1+f*£afz'

T— A, T =2 2+—_2 — —3 2 1 =
5 0p 9pol  p’ dp 00> p° 060 0pod  p° 06 06 500

(S8.14)

Finally, we get two relations without any explicit dependence on the azimuthal angle.
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2 2
BOTE _ 15f 6f+1af 8f2+f;éi
2 6,0 opod p° 00 00 p 060
som _ L oh; o*h, 1 oh; &°h, Ly Lo, '
’ 2 0p 0pod 53 00 06> ' p oo

(S8.15)

In the second relation of Eqg. (S8.15), we have similarly treated the TM mode. Hence, we

have obtained the two desired in-plane components P° = P°¢ +P>§, .

Now, we are to replace the azimuthal derivatives with the azimuthal mode index according to

e*™ Let us work on the co-rotational case first. On the basis of the field variables in Eq.

(S1.2), we employ (of,/00)=imf,, (¢h,/66)=imh,, (6f:/66’) =—imf, and

(ah:/éé’) =—imh_. For the TE mode, P°™ in Eq. (58.9) becomes

ﬁo,TE_@;ﬂ+16f o', 1 of] of, pp
" opopt pro0opod pogod op

of " o*f, m’ *8f m’ « of
=—Lt—+= z_—z_—_3|f| 2
op op° p° " Op p op
of of, o of 20In(f,) m*
=—L_t " |In| =2 ||+ f — ——|f,| S8.16
8p6p8p{ (@?H ( j' ! op P3| | ( )
2 2
o i{'[i]“ ]'flza'”(” Ter
op| dp| \0p o p
i 2 2
[t ab{s g
op | op| \9p p ) op p

We treat P°™ in Eq. (S8.8) for the TM mode in a similar way.
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op 0p>  p° 00 0pod p° o0 90 op

gor _ooh, 1ah o', 1ohoh, .oh,

oh, o°h, m? *ah om? . oh,
== A=2 —2h 3hzhz
opop” p° op p " op
oh oh, o oh, dln(h) m?
=——— _P ( H ( J|h |2 (h.) T3|hz|2. (S8.17)
op @o ap| \op o P

H H [ J'“'Zalgéhz)—g—;hzr

= \ EROE

ap
In both Egs. (S8.16) and (S8.17), we notice that the azimuthal derivatives appear even

numbers of times. Therefore, Eq. (T6.17) could follows directly from Eq. (T6.16) just by
substituting f, with h,.

Meanwhile, consider the azimuthal components. For the TE mode, Eq.(S8.15) becomes

ﬁ)OyTE 1af azf 1 afz*azfz-l_f*ii
5 0p 0po0 5000 00" |t 500

imaf of, im? « 1M
—L+—ff,+f =T, . (S8.18)

popp P P
2
S T R e
p ﬁpap p K P

Likewise, for the TM mode, Eq. (S8.15) becomes

aln(f)
op

_ Z

_l_
5 dp 9pd0 p° 00 00> ' a0

F~)O’TM 1 ah azh +ia_h: azhz h* 1 ah

im ah oh, im* «im

+—hh, +h —h, . S$8.19
popop p° p ( )
* 2 2
AT, Do o |- ) o
p\op op p Al o P
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In both Egs. (S8.18) and (S8.19), we notice that the azimuthal derivatives appear odd
numbers of times. Therefore, Eq. (S8.19) could follow directly from Eqg. (S8.18) just by

substituting f, with h,.

Next, consider the counter-rotational case. On the basis of Eq. (S1.4) for the counter-

rotational case, we proceed by replacing (&f,/06)=—imf,, (oh,/06)=imh,,
(of,/o6)=imf;, and (oh;/06)=~imh;. However, the end formulas remain the same as

those for the co-rotational cases when it comes to the radial components P°™ and P°™,

because the azimuthal derivatives are applied to both a field variable and its conjugate within
the identical term. The reason is again that the radial component is akin to the centripetal or
centrifugal force so that it is independent of the direction of the azimuthal propagations. That

is why we considered Eq. (S7.15) or Eqg. (7.16) for a vector Laplacian to explicitly show the

appearance of both —V. /r?> and -V,/r? of equal signs.

In contrast, let us rework the azimuthal components P> in Eq. (S8.18) and P?™ in Eq.

(S$8.19) now for the counter-rotational case.

ISO,TE 1 af azf 1 af azf f*ii

+
50p op00 50 00 00" | " 500

|maf of, im? « 1M
=z —f f,—f, —f, , (S8.20)

popop p° - p
2 2
=_._[5faf 2|f|+|f|j i ML T
pop p p p

som _ 1 oh, o°h, oh, 1 oh; o°h, prLoh

ain(f,)
op

_ Z

— +
5 dp 9p00 p° 00 00> ' a0

imoh, oh, im?® «im
p op op p3 ‘P (58.20)
* 2
_m [8h oh, |h| |h|] aln(_h) 1|
p\ op ap P op

|50,TE

Quite obviously, for the counter-rotational case has its sign opposite to that for the co-
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rotational case, since we assumed opposite rotating directions. In comparison, P°™

remains the same, because we assumed the same rotating direction.

To summarize, the radial components of the orbital FD is found as follows for both rotational
cases.

2 2 2
POTE =1/ f,[ Im 8In(_fz) i_ In(ijﬂ+(l+rf—2jaln—(_fz)—rﬂ—3
ap | op| \0op p ) op P

2 - 9 '
po™ =%|hz|zlm ‘aln(_hl) i_ In(a—r}HJ{H sz_aln(_h )_n_1_3
op | op| \op p) op p

The sign of the combined radial component cannot be easily figured out from these formulas

(S8.22)

alone, so that we would find it through numerical means. To this goal, let us now employ the

solution profiles f,(p)=F, (p) and h,(p)=NF,(p). In addition, we will make use of
the gradient functions G, (p) and K;(p) inEq. (S1.7) and (S1.8). It will be helpful to

recall the simple algebraic fact that (8/9p)In(f,)=(8/dp)In(h,) and

(6/9p)In(2f, /op) =(&/op)In(oh, /op).

Now, both P°™ and P°™ are expressible in terms of F*, G and K:.
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F. Im{

™ 2 TE
PrO, — N PrO,

OTE _ 1
P _4\

2 2
$2K,ﬁ+ 1+T—2 G;—nj—s
p 2. (S8.23)

The radial component of the orbital FD is thus given by

O

2
—0 “K: +{1+—JG —m—s} (S8.24)
4 1+|Q| p p

As expected, the argument of Im[o] in the above relation takes real values in the interior.
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Consequently, P,°=O in the interior, where Pgo is non-zero. Consequently, the trajectories

for the orbital FD are purely circular in the interior.

Let us turn to the azimuthal components. For the co-rotational case, the azimuthal

components of the orbital FD is found as follows, when taking the respective imaginary parts.

2
<P90'TE:%E mn—(fz) _|_m_2+1 |fz|2
Al a | A
m||oIn(h )2 m? o
<po =12 6—_2 — +1 |hz|2
0 P

Here, the superscripts "<" and ">" refer respectively to the clockwise and counter-clockwise
rotations.

In comparison, for the counter-rotational case, the azimuthal components of the orbital FD is
found as follows, when taking the respective imaginary parts.

>pO.TE M aIn(fz) mz 2
R AR — — = 1 |f2|
Pl op p
: (S8.26)
oln(h 2
<P00'TM—%Q (_Z) +__2+1 |hz|2
P 0
Now, the azimuthal functions are expressed interms of F., G, and K.
ote 1 M(|~ep2 , M +2
PP =G + =1 |Fs
p p
<PHO,TM — N2<P00,TE . (8827)

> PHO,TE __< PHO,TE

™ 2 TE
< PQO, — N <P60,

The combined radial component of the orbital FD is given for the co-rotating and counter-
rotational cases by
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2 2 2
A
4 1+|o" P p
. 2 (S8.28)
e
4 1+|g" P P

For the co-rotational case, it is interesting that ““P,’ = (m//_))w. In words, the azimuthal

component of the orbital FD is (m/ﬁ) -times the energy density w, the latter being defined
in Eq. (S2.3). In addition, there is a possibility of a vanishing azimuthal component for the

. . 2
counter-rotational case if N*=|q|".

As with the trajectories for the Poynting vectors, we can find the trajectories for the orbital FD.

Consider a trajectory formed by the orbital FD.

NEE ?
1|qz|n_1(Gnﬁ2+rl+1]Fnjz
do 1R’ 1 4 1+jof A P
A5 AR PN +df | p, [ (o M )ae M
+l p p (S8.29)
Giz+m2+1
_m N* ] "
IEYANE 2 2 2
PN+ |m{G;2K;+[1+'le;—'l}
p p

As usual, the double signs * refer to the co- and counter-rotational cases, respectively. We

Fo

find that both trajectories do not depend on , the function itself. Instead, they depend

+

strongly on the logarithmic derivatives G and K.

S9. Spin Vector

—_ *

The spin vector is given by S =1 Im(,u‘lE

* —

xE+&H x ) For dielectric and non-
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magnetic media,

(S9.1)

From the appearance of Eq. (59.1), we may call E'xE and H"xH ‘“intra-electric-field

outer product" and "intra-magnetic-field outer product, respectively.

Consider first the co-rotational case according to Eq. (S1.2). For convenience, let us

introduce

SE% L 2Im(S,). (S9.2)

—

It is thus convenient to examine S, first.

Sp=(fe™, f,e™™ q"fe™)x(fe™, f,e™ qf &™)

+(ah'e ™, q"hye ™, hie ™) x(gh,e™, gh,e™,h,e™)

=(f,of, —q"f,f, )6 +(a"f, f, - £qf, )&, +(ff, - f, 1, )¢,
+(a"hoh, —hiah, )& +(h;ah, —q"h'h, )é, +(a"hah, — q"hyah, )&,

(S9.3)

We note that both €™ and €™ cancel each other in every terms. We substitute Eq.
(51.3) into (S9.3) to obtain

+(—@h§ (—i)drlz—idhi@hzjéﬁ[—q*i dfz h, - i o j (S9.4)
p dp dp p dp “dp
+(qh:mfz—q*mfzhz , |q|2(mf: T il ”‘fzjz

p dpp
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Taking its imaginary part, we find

Im(§0) = Im[qi jh_z f +iq'f; gh_zjé, + Im(—q*ff@hZ +@h;qujé6,
p p PP

+Im( —h, . -
P dp dp

df " df m m (593)
+Im[_q*i Z_hz_qhzl i]ér—i_lm(qh:tfz_q*jfz*hzjéQ

dp dp p P
+af lm(m e, g m fzJéz

p ~dp dpp
Im(§0)=2lm[qi dh_z ZjéﬁZle(thf )e +2—Im( - dn, j ]

dp P P “dp
(S9.6)

Ldf, )
z —_ eZ
dp

Here, we have employed the fact that Im(A— A*) =2 Im(A) for a genetic complex variable

2 Im(qi df, h;]ér +201m(qh;f,)8, + 22 gl Im['
dp P p

A. Besides, we have tried to keep ¢ ratherthan q  in all the terms for the convenience in
the ensuing manipulations. We now employ the fact that Im(iA)=Re(A) for a genetic

complex variable A. Eqg. (S9.6) then simplifies further to

*

%Im(§0)=Re( "

]e +Zim(qht, )8, +@Re[h§ dh_ljéz
P P d

p
df m df, (597
—Re| q ih:jér+jlm gh, f,)é, +—|q Re[ ’ }é
( dp p (ah:.)e p| ! dp
Therefore, from S = %(1+|q| ) <§) in Eq. (S9.2), we obtain
s 1 1 m(s,)- 11 o q(dh z—dfihij .
41+|q| 21+|q| dp ° d
(S9.8)

+

||2 *dfj

1 N 1 1
—Im h f )é +——
1+[qf P (a1, )% 21+|gf P L
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Expressed in terms of Fmi in Eq. (S81.6) and G, in Eq. (S1.7), the above becomes

=7 Re q(dF“i o - f JJ
21+|q| dp dp

2 +
e N M (gEEr ), + SN @Re[F;'*dijéz
1+]q* P 2 1+[q]" 2

1 . dF> ..
== ——Re(-iq)2Im| —2F>" |é
21+|q (5a) (dﬁ i jr
) ) (S9.9)
LU (a)6, +22 +|qz| ZIF[ Re(G;)e,
1+|q|" P 2 1+[g|” P
__N Fizlm(q)lm(Gi)é
1+|q|2 m m r
N _m m(q)é6+lN elof m —|F: Re(Gi)é
1+|q| 1+|q|
Here, we utilized the following fact for a genetic complex variable A and q.
A*—A=Re(A)—iIm(A)—Re(A)—iIm(A)=—2iIm(A) ( )
S9.10
Re(-iq) =Re[ -iRe(q)+Im(q)]=Im(q)
Finally, Eqg. (S9.9) is reduced to
1
S, =0=N G:
r 02 ( m)
S, = oSN MEf (S9.11)
2 p
1N +|q| (G;)
2 24fof

We notice that the helicity-dependent in-plane components (Sr,Se) are not separable into

the TM and TE modes due to non-rectilinear motions, whereas the axial spin component S,
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is separable. In the interior, we have simply S =0. In the exterior, notonly o #0 or
Im(q) #0 but also the spatial inhomogeneity of Fmi(p) are required for S, #0 in

addition to the non-zero factor Im(Grﬁ). By the same token, S, =0 for m=0 in Eq. (21),

which refers to an azimuthal inhomogeneity.

1.0
0.5¢f
0.0 1' .
-0.5 § )
INTER -::qi 5 """"""""""
-1.0¢ basmamnt EXTERIOR

Figure S9.1: Spin components (S~,,S~9,S~z) for the co-rotational case plotted over

0<p=kr<4 for m=3, R =kR=1,and q=(1+i)/V2.

We define the normalized spin §/W per photon. For a better viewing, we introduce scaling,
for instance, such that §r Esgn(Sr)|Sr /W|]/4. Figure S9.1 presents such (S~,,S~9,S~Z) over
0<p=kr<4 with R, =kR=1 and m=3. In particular, we provided a non-trivial

coupling q= (1+ I)/xﬁ Furthermore, we find through numerical computations that

|Sg| <W and |SZ| <W as well. The average spin S, = \/%<Sr2 +8) + Sf) <W is plotted in
green curve. All the curves in Figure S9.1 display discontinuities in the radial profiles across

the thin layer. First, S, (,0) >0 in the interior, whereas S, (p) <0 in the exterior. This spin

flips take place due to the thin layer, where excitations are supplied. Second, Se(p) >0

overall p=kr.

In addition, we find from Eq. (S9.11) the ratio of the in-plane components is found to be

S,/S, = m'p Im(G;) . As a result, photon spins form circular streamlines in the interior or
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S,/S, =0 because Im(Gr;) =0 according to Fig. S1.1. In comparison, S /S, >0,

because Im(Gnﬁ) >0 according again to Fig. S1.1. Hence, the spin trajectories in the

exterior are directed radially outward and they point to the counter-clockwise direction.

Let us turn to the counter-rotational case via Eq. (S1.4).

S’ _ ( .I:r*e—imH’ f*e—imelq*f*eimﬁ) X( freime’ feeime’que—imﬁ)
q h elmH q h elmH h e |m9) (the—im61qh e—ime,hzeime)
fqf, e‘z'm"—q £ £,e7")6 +(a"f, f,e™™ — faf e ™)é,

+(
) (S9.12)
+(fr ) _ |
+(q h,h, ez'm“’ h'gh,e 2"“6’)e +(h ghe?™ —q'h'h e2|m9)
(

+(a'hah, —a'hyah, )é,

We note that both €™ and e™ collaborate for the in-plane components so that squared
azimuthal factor exp(J_rZimQ) continues to appear. However, they cancel each other in the

axial terms. As a result, Eqg. (S9.12) is quite different from its counterpart in Eq. (S9.3) for the
co-rotational case.

To our great surprise, the following procedure leads us to an entirely radical result. To see
this fact, let us substitute Eq. (S1.5) into (S9.12) to obtain

qldhZ fe?™ +iq" fz*d—h_zez"“e é
dp do

p dp dp p

" —q*f*mh g2 +@h;que-2im6je9 +(—@h;(-i) dh —id—h_Zﬁthéz
p P dp dp p
df* " . (S9.13)
+ —qi—2he”™ —ghli—Ze?™ |6
dp d
n qh:gfze—zim0+q*gfzhez|m0je +|q| (——f* df dfz_gfzjéz
p p

Therefore, taking the imaginary part leads to
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*

Im(§0):lm( jh_zf

+glm(qh;fze‘2‘”‘9—q*hzf e™)é, +—Im( - dn dh_z ZJéZ

e—ZimH + Iq* fz* d_h_zeZimb‘jér
dp

z

P p dp dp
" i (S9.14)
—Im| ghli—2e™?™ +qi—=he”™ |é
dp dp
—@Im(qh?fze‘”mg q'h, &™) 9—|q|zglm(ifz* Ohci+iO|LZ_ fzjéZ
P p dp dp
If further processed, it gets to
Im(§0)=2lm[' dhjf ‘z'mgje +2— Im(qh:fze‘”mg)ée
P
o i 9 o
P dp dp
o, (S9.15)
~2Im| igh —Ze*™ |& — —Im h fe®)é
(q “dp ] p (oh:fe™)e,

Dol im ( i iﬂfz)éz
dp dp

Here, we have employed the fact that Im(A— A*) =2Im(A) for a genetic complex variable

A. Curiously enough, we find that the two terms of Eq. (S9.15) in the azimuthal direction
cancel each other (as marked in red colors). The minute step involving this cancellation in
the azimuthal direction will lead to the bizarre result as mentioned before.

Via Im(iA)=Re(A) and Re(A)= Re(A*) for a genetic complex variable A, Eq. (S9.15)

further simplifies to
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%Im(§0)=Re(q th fe‘z'ng +PRe (h dh, jéz

P
df -2imé z
~Re| gh, —%e ——|q| Re . (S9.16)
dp
_ R{qe_m(dh df, H @ (hz dh, o g o j |
dp © dp ° P dpo dp
- -1 -
By S= %(1+|q|2) Im(SO) in Eq. (S9.2), we go back to the spin vector to have
S :1%|m(§0):1%Re qe‘z"”a(dh_Z f — dfi h:J é
41+|q| 21+|q| dp ° dp
. (S9.17)

1 1 m *df
+= ZtRe( ] ,
21+[of P dp

Expressed in terms of F in Eq. (S1.6) and G, in Eq. (S1.7), Eq. (S9.17) is further

simplified to

s_1_N qz.m{ng*p_dﬁq FMJ ;

21+|q|2 dﬁ m dﬁ m r
1IN =[gf' m e[F“ﬁJé
2 14l p L7 dp)” (S9.18)
+ 2 |nl? '

L 2Re(—iqe‘2‘mg)2lm(de mev*je;ﬁ'\' |qz| DIF:f Re(G; )e,

21+|q| dp 2 1+[g” P

N e Fim(ge ) m(cz)e, + 2N M e 6

1+|q|2 m m r 2 1+|q| m z

Here, we utilized Eq. (S9.10) for a genetic complex variable A and (. Therefore, for the

counter-rotational case, we obtain the following with the chirality y defined in Eq. (S1.11).
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1 + +
Sr:;(EN‘Fm- Im(G;,)
S, =0 : (S9.19)
LN’ =g m_.p s
5.=3 o ,B‘Fm Re(G;)
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Figure S9.2: Spin components S ) ,§ for the counter-rotational case plotted over
r1~er~z

0<p=kr<4 for m=3, R =kR=1, and q:(1+i)/J§.

Figure S9.2 presents such (§r,§9,§z) over 0<p=kr<4 with R, =kR=1, m=3, and

q=(1+ I)/\/E Notice hence that |q|=1. Furthermore, we set exp(—2im@)=1 in Eq.

(S1.11) for convenience so that o = y. The refractive indices are N~ =2 (say, glass) and

n" =1 (say, air) for panel (a), whereas they are reversed such that n™ =1 (say, air) and

n* =2 (say, glass) for panel (b). We find through numerical computations that

|Sr|,|3g|,|32| <W. The average spin S, = \/%<Sr2 +8) + SZZ) <W is plotted in green curve.
All the curves in Figure S9.2 display discontinuities in the radial profiles across the thin layer.

However, S, shows an approximately similar behavior on both panels.

S46



On panel (a) of Figure S9.2, it happen on panel (a) that S, (p) =0 in the interior from Eq.
(S9.19) for the counter-rotational case, because N =1 in interior. In comparison,

S, (p) <0 in the exterior. On panel (b), S, (p) =0 again in the interior, because N =1

still in interior. Only difference isthat N =2 and N =% in the exterior for panels (a) and

(b), respectively. In evaluating S, in Eq. (S9.19), N? —|q|2 =4-1=3>0 for panel (a) and

N? —|q|2 =1_1=-2<0 for panel (b), respectively. As aresult, S, <0 on panel (a) and

S, >0 on panel (b), respectively.

Let us compare Eq. (S9.11) to Eq. (S9.19) for the three components of the co- and counter-
rotational cases. For instance, S, undergoes a little change in the multiplying factor from

o for the co-rotational case to y for the counter-rotational case. Notice that y depends
strongly on the azimuthal angle as is the optical chiralty C presented in Eqg. (S3.9). We can

easily find that the usual sign changes are encountered for S, .

(b) sen(s,)s.[”

S,

Figure S9.3: (a) A contour plot of the radial component of spin S, . (b) A contour plot of its
scaled value sgn(Sr)|Sr|]/5. Both are plotted on the (kx ky)-plane for the counter-rotational

case. The common dataare R =kR=1, m=3,and g=i.

S47



Figure S9.3(a) exhibits a contour plot of the radial component of spin S, , whereas panel (b)
shows a contour plot of its scaled value sgn(S,)|Sr|]/5. Both are plotted on the (kx,ky)-
plane for the counter-rotational case. The common data are Rp =kR=1, m=3,and Q= i

We find that S, on panel (a) exhibits a blurred image so that its spatial distribution is hard

to reveal itself.

-

o

Figure S9.4: Contour plots of Sgn(S,)|Sr|]/5 on the (kx ky)-plane for the counter-rotational

case. The common dataare R, =kR=1 and m=3. Besides, ( =l(1+ i)/\/z,i,—i as

written on each panel.
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Figure S9.4 shows contour plots of the scaled value Sgn(Sr)|Sr|]/5 on the (kx, ky) -plane for

the counter-rotational case. The common data are Rp =kR=1 and m=3. The TE-TM

coupling coefficient is varied such that q=1,(1+ i)/«ﬁ, I,—1 as written on each panel.
Hence, panel (c) is what we have already presented. Figure S9.4 is therefore shows the

effect of the factor Im(qe’z"“g) on S, .

Itis S, =0 for the counter-rotational case, which is radically different from

412

S,=1oN(m/p)|F;| in Eq. (S9.11) for the co-rotational case. Note from Eg. (S9.15) that

m

the trivial identity S, =0 stems from the cancellation between the electric- and magnetic-

field contributions during counter-rotations of the TE and TM waves. To take a closer look at

this fact, consider the azimuthal part of Eq. (S9.12)

§0’9 = (q* fr freZime - fr*quefZime) T (h:the—ZimH _ q*h:hzezime)
| ) i - - . (S9.20)
= (qe72|m9 fr* fZ ) — (qe72|m9 fr* fZ ) + (qefZImHh:hr ) _ (qe—2|m9h:hr )

Taking its imaginary parts,

|m( _'0’9) — |m|:(qe2im0 fr* fz )*:| 3 Im(qefzimﬁ fr* fz)
+Im (qe‘z"“eh:hr ) T [(qeiiwh:hr )*:| _ (89.21)

=-2Im(ge ™ f,'f,)+2Im(ge *™h;h, )
Again from Eq. (S1.5), we obtain

o g
F p (S9.22)

m

Yol

=2 [Im(qe’“m"h: f,)—Im(ge*™h;f, )J =0
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We find that we have never employed the particular solutions Fmi in Eqg. (S1.6) and an in
Eqg. (S1.7) in order to obtain the conclusion that S, =0 for the counter-rotational case.

Therefore, S, =0 holds true for any concentric cylinders as long as the refractive index can

be expressed by any piecewise-continuous functions.

S10. Spin Vector for Counter-Rotations with Differing Angular Speeds

In the preceding section, one kind of waves propagate according to exp[i(m&—cot)],

whereas the other kind of waves propagate according to exp[i(—m@—wt)]. Consequently,

our particular pair of the TE and TM waves leads to S, =0, when they are counter-

rotational. We then raise a question: "Would any orthogonal pair of two would lead to
S,=07"

In order to answer this question, let us consider the two waves in counter-rotations but with
different angular speeds. To this goal, let us modify both Egs. (S1.4) and (S1.5) as follows

for the counter-rotational case.

E 1 : - :
= f eImH' f elmﬂ’qf e—ll&)
\/; m( r 0 2
- . S10.1
%: 1 : (theiilg,qh‘geiiw,hzeimg) ( )
£ J1+|q
TE: hr:—l—_fz, hgzijé;
pm pdh (S10.2)
T™M: f.=——h, f,=-i—2
p do

Here, we assume that |,m >0 being integers. Therefore, the TE waves follow

exp[i (—IH—a)t)] , while the TM waves follow exp[i(mH—a)t)] . Namely,
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TE: exp[i(-10-at)] 5109
T™ : exp[i(m@ - a)t] '

In both equations, the items in red color indicate what have been changed in comparison to
Egs. (S1.4) and (S1.5). Consider

go _ ( fr*e_ime, fe*e—ime’ q* fz*eila ) x( freime, fgeime’ que—iw)

_l_(q*h:eilé] , q*h;ene, h;‘e—ime ) % (the—imé’ qhgefna ’ hzeime ) (510.4)

Let us consider only the azimuthal component for simplicity.

E(q fr fe i(m+1)0 —f “of, g i(m+) 9)+(h:the_i(m+|)9_q*h:hzei(m+l)¢9)

—(qa i(m+ho £ i(m+1)0 Sim )0 Y [ qacim Dot | (S10.5)
—(qe f, fz) (qe £ f)+(qe hzhr) (qe hzhr)

Taking its imaginary parts,

Im(*oﬂ) [(qe im0 g f)} Im(qe‘i(m“)efr*fz)
+ Im(qe’i(m*')eh:hr ) - Im[(qei(m*')gh:hr )} . (S10.6)

=-2 Im(qe‘i(“”')‘9 f'f, ) +21m (qe‘i(””')gh:hr )
Again from Eq. (S10.2), we obtain

Im(S )——2Im ge (e —hf +2Im e‘i("”')‘gh*_—_lf
p z p z

I i(m+1)6
_ZTIm(qe h f )

(S10.7)

. a4
By S= %(1+|q|2) Im(SO) in Eq. (S9.2), we go back to the spin vector to have
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1 1 = 1 1 m—1 i .
= Im(S. . )== 2 Im(ge ™’ f
0 4l+|q|2 ( 00> 41+|q|2 ,5 (q z z) ( )
S10.8
- zmT_IN‘anzlm(qe‘i(m”)g)
21+|q »

As a consequence, S, =0 hold true if and only if two waves propagate in counter-rotations

with the same magnitude. This result S, =0 is therefore a very special. By the way, S, =0

corresponds to the in-plane spin being radially polarized.

In dimensional terms, we note that S, oc Im(qe_i(m”)'ghz* fz) oc Im(H:EZ), which is nothing

but the quantity proportional to the optical chirality in the axial direction. In this respect, we

notice that C = —(2n)_1 Im(E*D—T)z (2n)_l Im(I:I*[E) .
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