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1D Analytical model of the system 
 

In this section, a simplified 1D analytical model shown in Figure S1 is constructed to 

demonstrate that by introducing flow velocity into the system, perfusion converts the 

overall consumption of oxygen of the cell into a concentration difference signal at two 

locations remote from the cell without mapping the oxygen gradients. To arrive at this 

approximate analytical model, one can replace the true 3D concentration, velocity, 

and consumption/production fields, by their flow cross-section averaged quantities, 
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while considering variation of these averaged quantities along the flow. This approach 

is justified when the dimension along the fluid flow is much larger than the other 

dimensions. In this approach, we also assume that any leakage of the consumed or 

produced species of interest is effectively lumped with the volumetric 

consumption/production rate. To be specific, as shown in Figure S1, the cell was 

represented as a consumption region with a width of 2b, centered at the origin with a 

consumption rate of R. The inlet/outlet of the flow is located symmetric to origin at 

distances equal to −d and d. Assume b is much smaller than d. At t = 0, the initial 

concentration of the system is C, a solution with known concentration of C is flowing 

from the inlet through the consumer to outlet at velocity v. At x = d, the flow reaches 

the external environment and the concentration becomes known and equal to its initial 

concentration. The diffusion rates are the same everywhere in the system. The 

convection-diffusion transportation can be described by Equation S1: 

𝐷𝐷∇2𝐶𝐶 − 𝑣⃗𝑣.∇𝐶𝐶 = 𝑅𝑅 +  𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

     (S1) 

where C is the molecular oxygen concentration, D is the oxygen diffusion coefficient 

(2 × 10−5 cm2/s) in the fluid medium, 𝑣⃗𝑣 is the local fluid velocity field. 

In this 1D approximation of the system shown as Figure S1, the convection-diffusion 

equation becomes: 

𝐷𝐷 𝜕𝜕2

𝜕𝜕𝑥𝑥2
𝐶𝐶(𝑥𝑥, 𝑡𝑡) − 𝑣⃗𝑣.∇𝐶𝐶(𝑥𝑥, 𝑡𝑡) = 𝑅𝑅 +  𝜕𝜕𝜕𝜕(𝑥𝑥,𝑡𝑡)

𝜕𝜕𝜕𝜕
 (S2) 

In the consumer region, where oxygen consumption per unit volume is R, we have 

𝐷𝐷 d2𝐶𝐶𝑚𝑚(𝑥𝑥)
d𝑥𝑥2

− 𝑉𝑉. d𝐶𝐶𝑚𝑚(𝑥𝑥)
d𝑥𝑥

= 𝑅𝑅     (S3) 

𝐶𝐶𝑚𝑚(𝑥𝑥) – oxygen concentration in consumer range (‘m’ representing ‘middle’) 
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On the upstream and downstream sides, we have 

𝐷𝐷 d2𝐶𝐶𝑙𝑙(𝑥𝑥)
d𝑥𝑥2

− 𝑉𝑉. d𝐶𝐶𝑙𝑙(𝑥𝑥)
d𝑥𝑥

= 0     (S4a) 

𝐷𝐷 d2𝐶𝐶𝑟𝑟(𝑥𝑥)
d𝑥𝑥2

− 𝑉𝑉. d𝐶𝐶𝑟𝑟(𝑥𝑥)
d𝑥𝑥

= 0     (S4b) 

𝐶𝐶𝑙𝑙(𝑥𝑥) – Oxygen concentration in upstream range (‘l’ representing ‘left’) 

𝐶𝐶𝑟𝑟(𝑥𝑥) – Oxygen concentration in downstream range (‘r’ representing ‘right’) 

The general form of the solutions (S3-S4) are: 

𝐶𝐶𝑚𝑚(𝑥𝑥) = 𝑆𝑆𝑚𝑚 ∙ 𝑒𝑒𝑒𝑒𝑒𝑒 �𝑉𝑉
𝐷𝐷
𝑥𝑥� + 𝐵𝐵𝑚𝑚 − 𝑅𝑅

𝑉𝑉
𝑥𝑥     (S4c) 

𝐶𝐶𝑙𝑙(𝑥𝑥) = 𝑆𝑆𝑙𝑙 ∙ 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑉𝑉
𝐷𝐷
𝑥𝑥� + 𝐵𝐵𝑙𝑙       (S4d) 

𝐶𝐶𝑙𝑙(𝑥𝑥) = 𝑆𝑆𝑟𝑟 ∙ 𝑒𝑒𝑒𝑒𝑒𝑒 �
𝑉𝑉
𝐷𝐷
𝑥𝑥� + 𝐵𝐵𝑟𝑟       (S4e) 

where constants 𝑆𝑆𝑚𝑚, 𝑆𝑆𝑙𝑙, 𝑆𝑆𝑟𝑟, 𝐵𝐵𝑚𝑚, 𝐵𝐵𝑙𝑙 and 𝐵𝐵𝑟𝑟 have to be determined to satisfy various 

boundary conditions in the 3 regions. The validity of the above solutions forms can be 

verified substituting them back into (S3-S4). Using the initial concentration 

C(−d,t) = CO, the continuity of the concentration across boundaries of the 

consumption region − 𝑏𝑏 ≤ 𝑥𝑥 ≤ 𝑏𝑏, and the continuity of flux due to both diffusion and 

convection at the same boundaries, one can obtain the coefficients 𝑆𝑆𝑚𝑚, 𝑆𝑆𝑙𝑙, 𝑆𝑆𝑟𝑟, 𝐵𝐵𝑚𝑚, 

𝐵𝐵𝑙𝑙 and 𝐵𝐵𝑟𝑟 and confirm that 

𝐶𝐶𝑂𝑂 − 𝐶𝐶𝑟𝑟(𝑥𝑥) =  

𝑅𝑅𝑅𝑅
𝑉𝑉

(
1 + 𝐷𝐷

𝑉𝑉𝑉𝑉 sinh 𝑉𝑉𝐷𝐷 (𝑑𝑑 − 𝑏𝑏)

sinh 𝑉𝑉𝐷𝐷 𝑑𝑑
 

−
𝐷𝐷
𝑉𝑉𝑉𝑉

𝑒𝑒𝑒𝑒𝑒𝑒 �−
𝑉𝑉
𝐷𝐷
𝑏𝑏�) 

. (𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉
𝐷𝐷
𝑑𝑑 − 𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉

𝐷𝐷
𝑥𝑥)    (S5) 

It is clear from the above solution that, when we measure the concentration difference 
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in this system, the consumption rate R can be directly inferred based on the perfusion. 

When V is within a certain range, such that 

𝑉𝑉
𝐷𝐷
𝑏𝑏 ≪ 1         (S6a) 

𝑉𝑉
𝐷𝐷
𝑑𝑑 ≫ 1         (S6b) 

The solution of Equation S6 can be simplified as 

𝐶𝐶𝑂𝑂 − 𝐶𝐶𝑟𝑟(𝑥𝑥) = 𝑅𝑅𝑅𝑅
𝑉𝑉
�
1+ 𝐷𝐷

𝑉𝑉𝑉𝑉 (𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝑉𝑉𝐷𝐷𝑑𝑑 𝑐𝑐𝑐𝑐𝑐𝑐ℎ
𝑉𝑉
𝐷𝐷𝑏𝑏−𝑠𝑠𝑠𝑠𝑠𝑠ℎ

𝑉𝑉
𝐷𝐷𝑏𝑏 𝑐𝑐𝑐𝑐𝑐𝑐ℎ

𝑉𝑉
𝐷𝐷𝑑𝑑)

𝑠𝑠𝑠𝑠𝑠𝑠ℎ𝑉𝑉𝐷𝐷𝑑𝑑
− 𝐷𝐷

𝑉𝑉𝑉𝑉
𝑒𝑒𝑒𝑒𝑒𝑒 �− 𝑉𝑉

𝐷𝐷
𝑏𝑏�� . �𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉

𝐷𝐷
𝑑𝑑 −

𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉
𝐷𝐷
𝑥𝑥� = −𝑅𝑅𝑅𝑅

𝑉𝑉
(𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉

𝐷𝐷
𝑑𝑑 − 𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉

𝐷𝐷
𝑥𝑥)  (S7) 

To be specific of the range of V for this simplified expression, we set D = 103 µm2/s, a 

typical diffusion constant for a metabolic species. In the pipette system, b is 5 µm, d = 

5 cm, which is much larger than b. To fulfill the conditions above in Equation S7, the 

estimate V should be in the range of 0.2 µm/s to 20 µm/s. For oxygen concentration 

distribution problem, D = 2 × 103 µm2/s, then V should be in the range of 0.4 µm/s to 

40 µm/s. 

From this simplified solution in this particular V range, the concentration distribution 

along x is only related to V, D, and d. For a given pipette, the d is fixed and for a given 

species, the D is constant inside the system. The only factor that changes the 

distribution is V. For a given flow condition setting at the in/outflow end, V is fixed, the 

amplitude of the concentration difference is proportional to R, the measured oxygen 

concentration at position x can reflect and track the changes of oxygen concentration 

of cell. 

Also, it is important to see the extent to which perfusion increase the signal strength of 

a consumption rate R. Without perfusion, the solution of the convection-diffusion 
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equation is: 

𝐶𝐶𝑂𝑂 − 𝐶𝐶𝑟𝑟(𝑥𝑥) = −𝑅𝑅𝑅𝑅
𝐷𝐷

(𝑥𝑥 − 𝑑𝑑)    (S8) 

The amplification factor due to perfusion is the ratio of the right hand side of Equation 

S7 to Equation S8 as 

𝐴𝐴 = (
𝑒𝑒𝑒𝑒𝑒𝑒𝑉𝑉(𝑑𝑑−𝑥𝑥)

𝐷𝐷 −1
𝑉𝑉(𝑑𝑑−𝑥𝑥)

𝐷𝐷

)𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉
𝐷𝐷
𝑥𝑥     (S9) 

When x → d, the first multiplication factor in Equation S9 → 1. Since 𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉
𝐷𝐷
𝑑𝑑 ≤ 1, 

𝐴𝐴 ≤ 1. When x decreases, the first factor increases while the second factor decreases. 

When x → 0, we have 𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉
𝐷𝐷
𝑑𝑑 > 1, and 𝑒𝑒𝑒𝑒𝑒𝑒 𝑉𝑉

𝐷𝐷
𝑥𝑥 > 1, so still, 𝐴𝐴 ≫ 1. It is clear that at 

the given flow rate range, the perfusion can amplify the concentration difference. 

 

 
Figure S1: Illustration of the simplified analytical model of the oxygen solution, 
including diffusion, convection and reaction interaction inside a perfusion probe. The 
long arrow on top shows that the direction of flow is from the upstream to downstream 
medium. The red balls represent the dissolved oxygen molecules. The arrows on 
each oxygen molecule shows its moving direction, which is a combined result of 
diffusion and convection. The deep blue region with rings represents the consumer, 
mimicking a living cell that keeps consuming oxygen. In this region, the dissolved 
oxygen concentration is reduced at a certain rate. 


